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Matrix Multiplication — What is it good for?
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Quantum Physics
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Deep Learning Graph Algorithms
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How to Improve Matrix Multiplication?

aig ain) (big bip\ _ (aiabii+aigby aiibip+aipbp
ag axp) \ba1 bap ar1bi1+axpbyy axi1bip+axabrn
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How to Improve Matrix Multiplication?

aig ain) (big bip\ _ (aiabii+aigby aiibip+aipbp
ag axp) \ba1 bap ar1bi1+axpbyy axi1bip+axabrn
—> 8 multiplications

But: Strassen’s Algorithm (Strassen 1973) —> 7 multiplications! (-12.5%)
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How to Improve Matrix Multiplication?

aig ain) (big bip\ _ (aiabii+aigby aiibip+aipbp
ag axp) \ba1 bap ar1bi1+axpbyy axi1bip+axabrn
—> 8 multiplications

But: Strassen’s Algorithm (Strassen 1973) —> 7 multiplications! (-12.5%)

And: can compose multiplication algorithms for large matrices.
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Strassen’s Algorithm
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Strassen’s Algorithm
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Strassen’s Algorithm
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Strassen’s Algorithm

my = (a1 +axn) (b1 +bxn)

my =|(az1 +an)ibi!

C11 =my

21 :mz,

Cp =my +5m2§
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Strassen’s Algorithm
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my = (ar +axn) (b1 +b2)
my = (a1 +an) by

m3 = ay1(b12 +b2n)

my = ax (b1 +bi1)

ms = (ar) +ai2)bx

me = (a1 +ai1)(b11 +b12)
m7 = (a2 +axn) (b2 +bxn)
cly =my+mg+ms+my
Cl2 = m3 +ms

€21 =my+ny

Ccp = my +my+m3+mg
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Matrix Multiplication as Tensor Operations

aig aip\ (big bip\ _ (ci1 cip
a1 axp) \br1 bro 1 €22
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Matrix Multiplication as Tensor Operations

aig aip\ (big bip\ _ (ci1 cip
a1 axp) \br1 bro 1 €22

b1
by,
by
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For example: 1,1 = 01’1b1’1 +a1,2b271
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Strassen #1 as Tensor Operation
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Strassen #1 as Tensor Operation

1 U=1001, v=1001, w=1001
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Strassen #1 as Tensor Operation
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Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.
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Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.
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— State-space search
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Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.
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— State-space search with domain-independent (1) heuristics

David Speck, Paul H6ft, Daniel Gnad, Jendrik Seipp — Finding Matrix Multiplication Algorithms with Classical Planning

7/12

LINKOPING
II.“ UNIVERSITY



Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.
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— State-space search with domain-independent (1) heuristics or (2) pruning methods.
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Matrix Multiplication as Planning
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Matrix Multiplication as Planning

1 U=1001, v=1001, w=1001
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Matrix Multiplication as Planning
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Experiments

Setup
18 instances of MM problems
MM sizes: 1 x 1103 x 3
Up to 134 million operators
Optimal and satisfying planning
4 planning systems
Different search techniques
10 hours and 80 GB on a single
CPU core
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Experiments
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History / Related Work

Strassen 1969: Multiplication of 2x2 matrices with 7 multiplications.
Laderman 1976: Show schemes with 23 multiplications for 3x3 matrices.
Hastad 1989: Minimizing the number of multiplications is NP-complete.

Heule etal. 2019: Matrix multiplication as satisfiability, new 23-schemes for 3x3
matrices.

Fawzi etal. 2022: Matrix multiplication as single-player game tackled using
reinforcement learning, several new bounds up to size 5x5 (98 — 96).

Deza etal. 2023: Matrix multiplication as constraint programming.

David Speck, Paul Hoft, Daniel Gnad, Jendrik Seipp — Finding Matrix Multiplication Algorithms with Classical Planning

10/12

LINKOPING
IIQ“ UNIVERSITY



Conclusions

Matrix Multiplication can be modeled as classical planning (or CSP, SAT, ...)
Encoding preserves completeness and optimality
Off-the-shelf planners can tackle non-trivial instances

Confirmation of known bounds
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Conclusions

Matrix Multiplication can be modeled as classical planning (or CSP, SAT, ...)
Encoding preserves completeness and optimality

Off-the-shelf planners can tackle non-trivial instances

Confirmation of known bounds

Future Work: Domain-specific pruning functions / heuristics
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Thank you!

Questions?
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