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Matrix Multiplication – What is it good for?

Quantum Physics Deep Learning Graph Algorithms
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How to Improve Matrix Multiplication?

(
a1,1 a1,2
a2,1 a2,2

)(
b1,1 b1,2
b2,1 b2,2

)
=

(
a1,1b1,1 +a1,2b2,1 a1,1b1,2 +a1,2b2,2
a2,1b1,1 +a2,2b2,1 a2,1b1,2 +a2,2b2,2

)

=⇒ 8 multiplications

But: Strassen’s Algorithm (Strassen 1973) =⇒ 7 multiplications! (-12.5%)

And: can compose multiplication algorithms for large matrices.
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Strassen’s Algorithm

U =


1

0 1 0 1 1 0

0

0 0 0 1 0 1

0

1 0 0 0 1 0

1

1 0 1 0 0 1



V =


1

1 0 1 0 1 0

0

0 1 0 0 1 0

0

0 0 1 0 0 1

1

0 1 0 1 0 1



W =


1

0 0 1 1 0 1

0

0 1 0 1 0 0

0

1 0 1 0 0 0

1

1 1 0 0 1 0



m1 = (a11 +a22)

(b11 +b22)

m2 = (a21 +a22) b11

m3 = a11(b12 +b22)

m4 = a22(b21 +b11)

m5 = (a11 +a12)b22

m6 = (a21 +a11)(b11 +b12)

m7 = (a12 +a22)(b21 +b22)

c11 = m1 +m4 +m5 +m7

c12 = m3 +m5

c21 = m2 +m4

c22 = m1 +m2 +m3 +m6
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Matrix Multiplication as Tensor Operations

(
a1,1 a1,2
a2,1 a2,2

)(
b1,1 b1,2
b2,1 b2,2

)
=

(
c1,1 c1,2
c2,1 c2,2

)
⇓

1

1
1

1
1

1
1

1

b11
b12
b21
b22

a11a12a21a22

c11 c12 c21 c22

For example: c1,1 = a1,1b1,1 +a1,2b2,1
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Strassen #1 as Tensor Operation

1

1
1

1
1

1
1

1

↓ U=1001, V=1001, W=1001

1
1

1

1

1

1
1

1
1

1
1

1
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Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.

GoalInit

estimate distance hestimate distance h

estimate distance h

estimate distance h

X

→ State-space search

with domain-independent (1) heuristics or (2) pruning methods.

David Speck, Paul Höft, Daniel Gnad, Jendrik Seipp – Finding Matrix Multiplication Algorithms with Classical Planning 7 / 12



Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.

GoalInit

estimate distance hestimate distance h

estimate distance h

estimate distance h

X

→ State-space search

with domain-independent (1) heuristics or (2) pruning methods.

David Speck, Paul Höft, Daniel Gnad, Jendrik Seipp – Finding Matrix Multiplication Algorithms with Classical Planning 7 / 12



Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.

GoalInit

estimate distance hestimate distance h

estimate distance h

estimate distance h

X

→ State-space search with domain-independent (1) heuristics

or (2) pruning methods.

David Speck, Paul Höft, Daniel Gnad, Jendrik Seipp – Finding Matrix Multiplication Algorithms with Classical Planning 7 / 12



Planning in a Nutshell

Set of variables describe world states; actions specify dynamics via preconditions + effects.

GoalInit

estimate distance hestimate distance h

estimate distance h

estimate distance h

X

→ State-space search with domain-independent (1) heuristics or (2) pruning methods.

David Speck, Paul Höft, Daniel Gnad, Jendrik Seipp – Finding Matrix Multiplication Algorithms with Classical Planning 7 / 12



Matrix Multiplication as Planning
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Experiments

Setup
18 instances of MM problems

MM sizes: 1×1 to 3×3
Up to 134 million operators

Optimal and satisfying planning
4 planning systems
Different search techniques

10 hours and 80 GB on a single
CPU core

M
at

rix
Si

ze
s Rank Satisficing Optimal

L.
Bo

un
d

U.
Bo

un
d

Te
xt

bo
ok

D
–B

FW
S

LA
M

A

H
C

+
hG

C

Li
fte

d
SA

T

A∗
+

hbl
in

d

A∗
+

hPD
B

Li
fte

d
SA

T
Sy

m
bo

lic

111 1 1 1 ∗1 ∗1 ∗1 ∗101 ∗1 ∗1 ∗1 ∗1
...

...
...

...
132 6 6 6 ∗6 ∗6 ∗6 ∗8 4 ∗6 1 ∗6
213 6 6 6 ∗6 ∗6 ∗6 ∗6 4 ∗6 1 ∗6
222 7 7 8 ∗8 ∗8 ∗8 − 3 5 1 7
133 7 9 9 ∗9 ∗9 ∗9 − 3 4 1 7

...
...

...
...

323 7 15 18 − ∗18 ∗18 − 2 2 − 3
333 19 23 27 − − ∗27 − 2 − − −
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History / Related Work

Strassen 1969: Multiplication of 2x2 matrices with 7 multiplications.
Laderman 1976: Show schemes with 23 multiplications for 3x3 matrices.
Håstad 1989: Minimizing the number of multiplications is NP-complete.
Heule et al. 2019: Matrix multiplication as satisfiability, new 23-schemes for 3x3
matrices.
Fawzi et al. 2022: Matrix multiplication as single-player game tackled using
reinforcement learning, several new bounds up to size 5x5 (98 → 96).
Deza et al. 2023: Matrix multiplication as constraint programming.
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Conclusions

Matrix Multiplication can be modeled as classical planning (or CSP, SAT, . . . )
Encoding preserves completeness and optimality
Off-the-shelf planners can tackle non-trivial instances
Confirmation of known bounds

Future Work: Domain-specific pruning functions / heuristics
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Thank you!

Questions?
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