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Abstract

Cost partitioning is a powerful technique for combining ad-
missible heuristics in optimal classical planning. We study
cost partitioning for multiple sequence alignment (MSA),
where transition costs decompose into pairwise substitution
scores rather than a single scalar action cost. To handle this
factored structure, we formulate cost partitioning over cost
components. While previous work has already adapted three
basic cost partitioning algorithms to MSA, our generalized
formulation allows us to consider state-of-the-art variants:
saturated cost partitioning (SCP) and saturated post-hoc op-
timization (SPhO). On the theoretical side, we show that in
MSA, SPhO equals PhO, the variant without cost satura-
tion, and that for all traditional MSA heuristics we can con-
struct dominating cost partitioning heuristics. On the empir-
ical side, an evaluation on BaliBase benchmarks shows that
these dominating cost partitioning algorithms significantly re-
duce search effort compared to established MSA heuristics.

Introduction

Multiple sequence alignment (MSA) is a fundamental prob-
lem in bioinformatics with applications ranging from study-
ing the evolutionary relationships between biological enti-
ties to protein structure prediction and drug design (Carrillo
and Lipman 1988; Kobayashi and Imai 1998). Given a set
of biological sequences, the goal is to identify regions of
similarity that may indicate functional, structural, or evo-
Iutionary relationships between the sequences (Carrillo and
Lipman 1988). While aligning two or three sequences can
be efficiently solved using dynamic programming, the MSA
problem becomes computationally challenging as the num-
ber of sequences grows (Needleman and Wunsch 1970).

An alignment A of a set of sequences ) adds gaps to the
sequences so that they all have the same length. Each row of
A corresponds to a modified sequence and each column rep-
resents aligned characters, as shown in Figure 2. An optimal
alignment minimizes the alignment cost, computed from the
sum-of-pairs score (Kobayashi and Imai 1998), which for
each column of the alignment sums the substitution costs
across all pairs of characters in that column. Exact methods
based on A* search find optimal solutions by using heuris-
tics derived from optimal solutions to subproblems involv-
ing small subsets of sequences, such as pairs or triples of
sequences (Ikeda and Imai 1994; Kobayashi and Imai 1998).
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Figure 1: Theoretical dominance relations between heuris-
tics for MSA. P next to a relation indicates that it holds un-
der a specific pattern collection. Purple solid lines indicate
new results presented in this work, blue dashed lines indi-
cate previously known results.

Approaches such as all-k combine multiple heuristics
(Kobayashi and Imai 1998), but they are inflexible; they ag-
gregate heuristic estimates in predetermined ways, and do
not take advantage of the specific structure of the problem
instance nor the properties of individual heuristics.

Cost partitioning, which was originally developed in the
classical planning and heuristic search communities, offers
a systematic approach for combining multiple heuristics ad-
missibly (Yang et al. 2008; Katz and Domshlak 2010; Pom-
merening et al. 2015; Seipp, Keller, and Helmert 2017). The
key idea is to distribute the cost of a transition label among
multiple heuristics in such a way as to maintain admissi-
bility while maximizing the value of the heuristic at each
node, thereby minimizing the number of nodes a search
for an optimal solution must expand. Riesterer (2018) and
Skjelnes, Gnad, and Seipp (2024) adapted greedy zero-one
cost partitioning (GZOCP) (Haslum, Bonet, and Geffner
2005; Edelkamp 2006), post-hoc optimization (PhO) (Pom-
merening et al. 2014) and uniform cost partitioning (UCP)
(Katz and Domshlak 2010) to MSA. However, all three al-
gorithms have counterparts in the classical planning litera-
ture that can only yield better heuristic estimates. These al-
gorithms, which are based on cost saturation, are critically
missing from the MSA literature.

We fill this gap by providing a comprehensive study of
cost partitioning for MSA. Our theoretical results are sum-
marized in Figure 1. First, we adapt saturated cost partition-
ing (SCP) (Seipp, Keller, and Helmert 2020) and saturated
post-hoc optimization (SPhO) (Seipp, Keller, and Helmert
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Figure 2: An alignment A of sequences @ =
{TTA,GC,AC} (example from Skjelnes, Gnad, and
Seipp (2024)).

2021) to MSA. These adaptations are non-trivial because un-
like common planning formalisms, MSA exhibits factored
transition costs: the cost of a transition is determined by the
substitution costs that an alignment column incurs. Skjelnes,
Gnad, and Seipp (2024) account for this by modeling these
factors via cost components, each representing the interac-
tion of a specific pair of sequences. We build on this model
and generalize the cost partitioning algorithms to operate on
these components.

Second, we prove that SPhO is equal to PhO in MSA,
even though SPhO is significantly more informative than
PhO in classical planning. We also show all MSA-specific
heuristics are dominated by at least one cost partitioning
heuristic.

Finally, we provide a comprehensive empirical analysis of
the discussed algorithms. We see that SCP can improve the
heuristic quality over its non-saturating counterpart GZOCP,
but this does not make up for the additional computational
overhead. Our experiments also show that cost partitioning
heuristics in general can significantly improve search perfor-
mance compared to the traditional MSA-specific heuristics.

Multiple Sequence Alignment

Given a set of sequences @ = {s1,...,S,} over some al-
phabet ¥, an alignment of @) is a matrix A™*™ over al-
phabet ¥ = ¥ U {-}, such that the following conditions
hold: (1) m > max,,eq |si], (2) no column j consists of
only the gap character “~" and (3) removing all gap occur-
rences from any row ¢ in A yields the original sequence s;.
The cost of an alignment is the summed pairwise substi-
tution cost sub : ¥’ x ¥’ — N{ of each pair of charac-
ters per column in the alignment across all columns. The
concrete substitution cost function is problem-specific, and
can be based on biological knowledge or empirical data.
Given sequences @ = {s1, S2, 83} where s; = TTA, s =
GC, s3 = AC, we can construct an alignment A with rows
Ay =TT--A, Ay = ——-G-C,A3 = A——C—, shown in
Figure 2. Formally, the alignment costs of two rows in an
alignment, respectively the full alignment, are defined as fol-
lows.

Definition 1 (Pair Score). Let s;,s5; € @, with i # j,
be two sequences over alphabet ¥, and A an alignment of
Q. Then the pair score of s; and sj in Ais C(A,i,j) =
D sub(aik, ajk).

Definition 2 (Alignment Score). The alignment score,
or sum of pairs score of alignment A is C(A) =

Zlgiq'gn C(A» i, J)
We also define a score function for an alignment column.

Definition 3 (Column Score). The column score of
a column C of alignment A is defined as C(C) =
Y 1<icj<n Sub(Ci, C;j), where C; and C; denote the charac-
ters in rows i and j of column C.

Example 1. Consider sequences @ and alignment A from
Figure 2. The column score of the first column of A is

C(Cy1) = sub(T,—) + sub(T, A) + sub(—, A).

The goal of MSA is to find an optimal alignment A, i.e.,
one where for all alignments A’ : C(A) < C(A).

Solving MSA Tasks with State-Space Search

MSA tasks can be solved via state-space search in a transi-
tion system, defined as 7 = (S, L, T, cost, I, G) where S is
a set of states, L is a set of labels, 7" C S x L x S is a set of
transitions, cost : L — N{ is a cost function assigning non-
negative costs to labels, I € S is the initial state, and G C S
is a set of goal states. Solving the MSA problem then corre-
sponds to finding a lowest-cost path from the initial state to
a goal state in 7.

Given a set of sequences {s1,...s,}, we obtain the cor-
responding MSA transition system 7 as follows. The states
S(T) are the vertices in an n-dimensional lattice graph G of
size (|s1] + 1) X -+ x (|sn| + 1). The initial state I(7) is
at the origin (0, . .., 0, and the single goal state g is at coor-

dinate (|s1], ..., |sn|). There is a transition s % ' between
state s = (x1,%9,...,2,) and state ' = (z},ah,...,2))
if, and only if, between the two states there is at most a single
step of progress—advancing a coordinate x; by one, which
consumes the next character of sequence s;,—in every di-
mension, and in at least one dimension one step of progress
is made. Formally, this is the case if 0 < :c; —x; <1 for all
i=1...n,and Y (2} —z;) > 0.

A transition s = s’ corresponds to a column in the align-
ment, where the characters in the column are determined by
the dimensions in which progress is made between s and
s’. The cost of a transition is equal to the column score of
the corresponding column in the alignment, which is the
sum of the substitution costs across all pairs of characters
in that column. This kind of cost structure is referred to as
factored transition costs, where the cost of a transition is
determined by its factors. In MSA, we model these factors
using cost components, each representing the interaction of
a specific pair of sequences. The cost of a cost component is
the substitution cost of the corresponding two characters in
the alignment. A cost component class is the set of all cost
components defined over the same pair of sequences.

Admissible Heuristics for MSA

A heuristic for MSA is a function h : § — Ny that esti-
mates goal distances. We refer to a heuristic as admissible
if it never overestimates the true goal distance of any state,
and as perfect if it always equals the true goal distance. We
let h(cost, s) denote the heuristic value of state s under cost
function cost. A* search (Hart, Nilsson, and Raphael 1968)



is guaranteed to find an optimal solution when using an ad-
missible heuristic.

Abstraction heuristics use an abstraction function « to
create a coarser representation 7' = «(7T) of the state space.
For MSA, we follow Skjelnes, Gnad, and Seipp (2024) and
use patterns: a pattern P C (@ is a subset of the input
sequences that induces a projection onto the correspond-
ing sub-alignment problem (Culberson and Schaeffer 1998).
The resulting abstract state space has the property that the
optimal goal distance of any abstract state is a lower bound
on the optimal goal distance of the corresponding concrete
states. Two MSA patterns P and P’ conflict if they share at
least one cost component. A pattern collection P, a set of
patterns, is strictly conflicting if all patterns in P share at
least one common cost component. We denote the abstract
transition system induced by pattern P as 7p, and the cor-
responding abstraction heuristic as h”’. We refer to a pattern
P as a kD pattern if it contains exactly k sequences. We say
that a pattern heuristic h” is relevant to a cost component
class c¢*J (or to a cost component ¢ € ¢*J) if P contains
both sequences s; and s;.

Two prominent admissible MSA heuristics are the all-k
and one-k heuristics (Kobayashi and Imai 1998). Given n
sequences, the all-k heuristic is computed as the sum of all
abstraction heuristics induced by patterns of size k, divided
by (2:3) to ensure admissibility. The one-k heuristic sums

one kD pattern heuristic, one (n — k)D pattern heuristic and
all 2D patterns that include one sequence from each of the
two patterns.

A cost partitioning over a set of admissible heuristics
‘H maps each heuristic h € H to a cost function costp,
such that ), . costp(€) < cost({) for all labels £ € L.
The resulting cost-partitioned heuristic ), 5, costp(£) is
guaranteed to be admissible. Post-hoc optimization (PhO)
is a cost partitioning algorithm that optimizes weights as-
signed to each heuristic with a linear program (LP), such that
the overall cost-partitioned heuristic is maximized while re-
maining admissible. The MSA PhO is a variant of PhO that
accounts for the maximal strictly conflicting pattern collec-
tions (Skjelnes, Gnad, and Seipp 2024). A maximal strictly
conflicting pattern collection P’ consists of all patterns that
include a specific cost component class ¢*7; by design, all
patterns in P’ share the full cost component class ¢/, and
there is one such collection per cost component class.

Definition 4. (Skjelnes, Gnad, and Seipp 2024) The MSA
PhO linear program is defined as follows:

hho(s) = maximize Zwi -hPi(s) st
i=1
Z w; < 1 for all maximal strictly conflicting P’ C P
P,eP’
w; >0 forall P, € P

Uniform cost partitioning (UCP) divides the cost of each
label equally among all heuristics that use it. In MSA,
UCP is a feasible, but not necessarily optimal, solution to
the MSA PhO linear program (Skjelnes, Gnad, and Seipp
2024). Moreover, UCP over all sequence subsets of size k is

equivalent to the all-k heuristic (Kobayashi and Imai 1998;
Skjelnes, Gnad, and Seipp 2024).

Some cost partitioning algorithms rely on an ordering w
of the abstractions to assign costs. Greedy zero-one cost par-
titioning (GZOCP) is one such algorithm, which assigns the
full cost to the first appearance of each label / in the abstrac-
tion order defined by w. Saturated cost partitioning (SCP)
is another ordering-based cost partitioning algorithm, which
extends GZOCP by preserving unneeded costs for later ab-
stractions in the ordering. SCP computes a saturated cost
Sunction for each abstraction in the ordering, which is a re-
duced cost function that does not decrease the heuristic value
for that abstraction. For an abstraction heuristic A using ab-
stract transition system 7, we can compute the unique min-
imum saturated cost function saturate(h®, cost) = mscf as
follows (Seipp and Helmert 2018):

mscf(¢) =  sup  (hX(cost,s) © hX(cost,s"))
peow; ET(T™)

Here, h is the perfect heuristic for 7, and & denotes reg-

ular subtraction, except that co — oo = —oo. The saturated
cost partitioning (costy, . .., cost,) is computed as

remaing = cost
foralll <i<n
foralll <i<n

cost; = saturate(h;, remain;_1)

remain; = remain;_1 — cost;

where remain; is the remaining cost function after process-
ing the first ¢ abstractions in the ordering w, and cost; is the
saturated cost function for the i-th abstraction in w. Figure 3
illustrates the concept of saturated costs for a single abstrac-
tion.

Example 2. Consider Figure 3, showing a transition system
with five labels {1 to {5. The saturated cost for label {5 is 6,
which is less than its original cost of 10. This means that we
can save 10 — 6 = 4 remaining cost for 5 in this transition
system without affecting the optimal solution cost.

Saturated post-hoc optimization (SPhO) does not rely on
an ordering of the abstractions, but uses saturated cost func-
tions to tighten constraints of the PhO LP (Seipp, Keller, and
Helmert 2021).

Definition 5. The SPhO LP is defined as follows:

maximize ), 4, h(cost,s)-wy s.t.

Y one Sfn(l) -wy < cost(€)  foralllabels ¢ € L
wp, >0 forallh e H

We say that heuristic h; dominates ho if hy(s) >
ha(s) for all states s. In classical planning, SCP dominates
GZOCP (Seipp, Keller, and Helmert 2017) and SPhO dom-
inates PhO. In both cases, there are examples of states for
which the dominated algorithm produces strictly worse esti-
mates. SCP and SPhO are incomparable, i.e., there exists
no dominance relation between them (Seipp, Keller, and
Helmert 2021).
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Figure 3: A transition system where transitions are annotated
with their label ¢;, original cost cost(¢;) and saturated cost
scf (¢;), separated by semicolons. States are annotated with
goal distance. The remaining cost for each label can be com-
puted as cost (¢;) — scf (¢;).

Greedy Zero-One Cost Partitioning in MSA

We first investigate GZOCP for MSA (Riesterer 2018). Gen-
eralizing GZOCP to the factored transition costs of MSA
is straightforward, since we can simply assign the full (or
zero) cost to the corresponding cost components. We show
that, despite this simplicity, GZOCP in MSA dominates the
specialized h*2 and h°"®3 heuristics. We build on the fol-
lowing known result.

Lemma 1. (Carrillo and Lipman 1988) hisi:sisxt >
hisisiy L plsoset o plsiise},

GZOCP may produce heuristics where one or more cost
component classes have zero cost. For a heuristic on pattern
{si,8;,s1} in which only the cost component classes in a

. Si,5,8
set C' have non-zero cost, we write hé 33k}

the corresponding transition system by 7Ty, . sk} oy

A 3D pattern heuristic in which only the cost compo-
nent classes {c"/}, respectively {c"/,c"*}, are non-zero
does not collapse to zero: by projecting optimal 3D goal
paths onto the corresponding 2D transition systems, it can

be shown that h}f‘f}{é’“} hisisit and h%:fjcf';{ >
h{sivsj} + h{shsk}'

The main observation is that goal paths in a 3D transition
system for {s;, s;, s} projects to goal paths in its 2D coun-
terparts {s;,s;}, {si, sy} and {s;, s;}, but the converse is
not necessarily true: a combination of optimal goal paths in
the 2D transition systems may not form a valid goal path in
the 3D transition system.

Theorem 2. Let P be a collection of 2D and 3D patterns,
and let P2 be the collection of all 2D patterns. If P 2

Par,2, then h%ZOCP dominates h™"? for any pattern ordering
w.

, and denote

Proof. For any ordering w, GZOCP assigns the full cost
of each cost component class to the first pattern in w that
contains it, and zero cost to every later pattern; no admis-
sibility normalization is needed. This assigns each class
to exactly one pattern, partitioning the classes by the pat-
tern that receives them. For a pattern that receives at least
one class, its contribution to h$7OF is the heuristic of
that pattern restricted to its assigned classes, and this con-
tribution dominates the sum of the 2D heuristics of the
same classes: a 2D pattern carries its single class and con-
tributes exactly h1%%i}; a 3D pattern {s;, s, s5} that car-

. . 8i,57,8 P
ries one or two classes satisfies hicm}{ - hisissit ) re-

spectively h%zfzsfi > hisisit 4 plsise} by the observa-
tion above; and a 3D pattern that carries all three classes
satisfies h{s,,,s,,sk} 2 h{51ﬂ753} =+ h{smsk} + h{sj’sk} by
Lemma 1. Since P O Pai,2, every class is assigned to
some pattern, so summing over all patterns yields h%ZOCP >

Yi<icjen 1P = R, 0

GZOCP can also emulate and even dominate h°"3 based
on the selection of w.

Theorem 3. Let P contain the patterns used by h°">,

Then there exists an ordering w such that h%ZOCP dominates
hone,B_

Proof. h°™3 sums one 3D pattern heuristic, one (n—3)D
pattern heuristic, and all 2D patterns that bridge the two, as-
signing full cost to each. We consider the computable cases
n < 6: for n < 6 the second pattern has at most two se-
quences, for n = 6 it is a second 3D pattern, and for n > 6
it has more than three sequences and is outside the 2D/3D
patterns we compute. Let w process the one (or, for n = 6,
two) 3D patterns of 2°"®3 first, followed by all 2D patterns.
GZOCP then assigns the full cost of each class internal to a
3D pattern to that pattern, and the full cost of each remain-
ing bridging class to its 2D pattern, while the 2D patterns
internal to a 3D pattern receive zero cost. This reproduces
the cost assignment of h°"3 exactly, so h$7OF > pone:3,
with equality when P holds only these patterns and strict
dominance possible when it holds more. O

This shows that GZOCP is more flexible than h#2 and
hene:3: equivalent when using the same patterns, and possi-
bly dominating both for general pattern collections.

Cost Saturation for MSA

To adapt SCP and SPhO to MSA, we need to define how
to saturate factored transition costs and how to compute the
remaining cost of cost components after saturation.

Ambiguities from Factored Transition Costs
Computing the saturated costs over the transition labels is

straightforward. For each transition ¢ = s 4 §in Tp of
pattern P, it is computed as scf () = hi(s") — h’(s). The
remaining cost of a transition label £ is rem (¢) = cost(¢) —
scf (£). Computing the remaining costs of the individual cost
components that constitute a transition label ¢ is more in-
volved (see Figure 5 for an illustration). Usually, there are
multiple cost components that contribute to the same transi-
tion label so rem(¢) needs to be distributed across these cost
components. How exactly that distribution is done is impor-
tant for patterns that occur later in the SCP ordering which
share the same cost components, since their heuristic value
depends on the distribution. Thus, there is ambiguity in how
much remaining cost each cost component should receive.
We call this the cost ambiguity problem, which we model as
a remaining cost constraint: ), rem(c) < rem(f). Col-
lecting these constraints for all labels results in a system of



linear inequalities. We refer to the problem of finding a so-
lution that maximizes the final heuristic value after SCP as
the cost redistribution problem.

The main issue is that there is no simple recipe that opti-
mizes the heuristic value: maximizing the total redistributed
cost does not necessarily lead to the best heuristic value,
as illustrated in Figure 4. This is unlike classical planning,
where each label has a single cost and a remaining cost con-
straint has the form rem(¢) < cost(¥), so the optimal re-
distribution simply assigns the maximum value that satisfies
each constraint.

We next show that the redistribution can be based on the
pattern ordering w. This works only if no two cost compo-
nents that share a remaining cost constraint also appear to-
gether in more than one heuristic, unlike the example in Fig-
ure 4. This condition indeed holds for 2D and 3D patterns,
which we establish next.

Proposition 4. Ler P be a pattern collection with |P| < 3
forall P € P, and let P, P’ € P, with P # P’, be two
patterns. If there exist c; € I and cy € F, where j#k,
that are both part of a label L in Tp, {c1,ca} C I, then there
does not exist a label I in Tp: such that {cy,co} C 1.

Proof. Assume for contradiction that both cost components
c1 and ¢, conflict with P’. It follows that P’ must include the
sequences s;, s; and s, to accommodate both cost compo-
nent classes. However, since P’ has at most three sequences,
this implies that P’ is exactly {s;, s;, sy} = P, which con-
tradicts the assumption that P # P’. O

It follows that the case in Figure 4 cannot actually occur
when restricting ourselves to patterns of at most three se-
quences, as at most one of ¢; and ¢y can appear in any tran-
sition system 7p.. This means that the pattern ordering can
be used to disambiguate the redistribution problem, by lazily
assigning the maximum possible cost to the cost component
that appears in the next pattern in w.

Lemma 5. A pattern ordering w over a pattern collection P
with |P| < 3 for all P € P imposes a non-ambiguous cost
redistribution order over the cost components.

Proof. From Proposition 4, no two cost components that
subscribe to the same remaining cost constraint can appear
together in more than one pattern. Thus, by the order im-
posed by w, for each pattern P € P, when redistributing
costs in P, at most one cost component per remaining cost
constraint will conflict with P. O

Next we will describe how to efficiently compute a re-
distribution for a cost component. Instead of considering
all remaining cost constraints that involve the cost compo-
nent ¢, we show that only the set of constraints formed from
the most recently processed conflicting pattern P whose in-
duced transition system 7p has been solved and saturated
need to be considered.

When redistributing costs to a given pattern, the algorithm
only needs to look at the constraints coming from the lat-
est previously processed pattern that conflicts with the same
cost component, simplifying the computation. We exploit
this in the concept of newly formed constraints.

’ ZiE{l,Q} rem(c;) < 4 ‘

Figure 4: Remaining costs from a previous abstraction that
are to be distributed to cost components ¢; and ¢, in a tran-
sition system in which both appear.

Definition 6 (Newly-Formed Constraint). Given a pattern
collection ‘P and a pattern ordering w, the newly formed
constraints for a cost component ¢, denoted NC'(c), is the set
of constraints of the most recently processed pattern P; (with
respect to w) that conflicts with c. The newly formed con-
straints for a cost component class ¢ is denoted NC(c; ;).

Example 3. In Figure 6, pattern P = {s1, 52,84} is the
next pattern to be processed. The arrows indicate the most
recently processed pattern for each cost component class
that conflicts with P. For instance, the cost component class
cb2 conflicts with P, and the most recently processed con-
flicting pattern is P' = {s1, s2, s3}. Thus, NC(c) for each
cost component ¢ € c“? are the remaining cost constraints
formed from P’ that involve c. On the other hand, the cost
component class ¢>* also conflicts with P, but it does not
conflict with any previously processed pattern. Thus, NC(c)
for each cost component ¢ € c¢** is the original cost of c,
cost(c).

Proposition 6. If redistribution is greedy, then the con-
straints of NC'(c) are sufficient to determine the redistribu-
tion for cost component c: any other cost constraint that c
subscribes to outside of NC(c) is redundant.

Proof. By definition, NC(c) is the set of remaining cost
constraints that have been formed from the latest processed
pattern that conflicts with ¢, and greedy redistribution makes
any earlier constraint involving c redundant. O

The key insight is that the newly formed constraints are
sufficient to determine the next redistribution. And since all
newly formed constraints for a cost component c in class ¢/
originate from the same pattern, we only have to keep track
of the pattern that is the latest one for each cost component.
While we still maintain a redistributed cost for each cost
component, this reduces the number of patterns that need to
be inspected when determining a redistribution from O(n)
to 1, where n is the number of patterns.

Saturated Cost Partitioning for MSA

We use the simplifications presented in the previous sec-
tions to design a saturated cost partitioning algorithm for
MSA, presented in Algorithm 1. It processes patterns in
the given ordering w. For each pattern P;, we (i) initialize
the induced transition system 7p, with zero transition costs
(line 2), (ii) assign each cost component ¢ a redistributed
cost based on its newly formed constraints (line 4), (iii) solve
and saturate 7p, to obtain the remaining cost constraints
remain; (lines 5-6), and (iv) update the newly formed con-
straints NC'(c) for all cost components in 7p, (line 8). Here,
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Figure 5: Left: transition system with cost components la-
beling transitions; right: the corresponding remaining costs
associated with each label collection of cost components.

Algorithm 1 Saturated Cost Partitioning for MSA.

Require: Pattern collection P, pattern ordering w
: for all patterns P; € P in the order w do
: INITIALIZE(T ;)
: for all cost components c occurring in 7p; do
costi(c) < REDISTRIBUTE(c)

1
2
3
4:
5: SOLVE(Tp,)
6.
7
8

remain; satumte(hpi, cost;)
for all cost components c occurring in 7p; do
NC(c) « {~ € remain; | c€ v}

9: function REDISTRIBUTE(c)
10:  if NC(c) = 0 then

11: return cost (c)
12: return min. c yc(c) v.val

remasin; is a set of remaining cost constraints; each con-
straint v bounds a sum of cost component costs, and y.val
denotes its right-hand-side value.

Saturated Post-hoc Optimization for MSA

In many classical planning benchmark domains, saturated
post-hoc optimization (SPhO) yields significantly stronger
heuristics than post-hoc optimization (PhO) (Seipp, Keller,
and Helmert 2021). It does so by strengthening the con-
straints of the PhO linear program through cost saturation.
One might expect such results to carry over to MSA, but in
fact, we show that in MSA, SPhO is equivalent to PhO.

SPhO Linear Program for MSA

Definition 5 gives the classical-planning SPhO LP with per-
label constraints » , _,, scf,(£) - wp, < cost(£). In MSA,
label costs factor into pairwise cost components, so admis-
sibility must hold for each component separately. We there-
fore replace labels ¢ by components ¢ and interpret scf ;, (c)
as the saturated contribution of component c to h, yielding

the MSA-specific LP in Definition 7.
Definition 7. Given a set of heuristics H for an MSA prob-
lem, the SPhO linear program for MSA is defined as follows:
maximize Z h(cost,s) - wy, subject to
heH
Z sef,(e) - wp, < cost(c) for all cost components c
heH
wp > 0forallh € H

redistribute initial

distribution
redistribute] | | J
1.4 NC 1,2
NE(el2) NC(eH9) ﬁ?ﬁ chle;
NC(c*?) NC(c*?) s o
NO(@) NC(eH)
{s1,50,83}  {s1,83,84}  {s1,54,85}  {s1,82,84}

Figure 6: Redistribution resolves refunding for each cost
component ¢ based on newly formed constraints NC'(c).

There are two differences between this MSA SPhO LP
and its PhO counterpart from Definition 4: First, the SPhO
LP uses the saturated cost scf};,(¢) in heuristic h instead of
the original cost cost(c), where 0 < scfy,(c) < cost(c).
Second, the SPhO LP defines a constraint for each cost com-
ponent ¢, whereas the PhO LP defines a constraint per maxi-
mal strictly conflicting set of patterns. Maximal strictly con-
flicting pattern sets correspond exactly to the cost compo-
nent classes they share. This means if one cost component
¢ in a cost component class ¢’/ has scf;,(c) = cost(c) for
all heuristics h that are relevant to ¢, then we can rewrite
the SPhO constraint for cas ) , _,, cost(c) - wy, < cost(c),
which is equal to the PhO constraint for the cost component
class ¢, This constraint dominates any other constraint for
a cost component in the same class. To illustrate this, we can
rewrite

Z cost(c) - wy, < cost(c)

> 1wy, <1 (1)

Any other constraint for a cost component ¢’ in the same
class will have the form

as

Y ai-wy, <1 @)
h,€H
where a; = % Since 0 < % < 1, we have that

(1) dominates (2).

We will next show that for each cost component class ¢,
there is at least one cost component ¢ such that scf,(c) =
cost (c) for all heuristics h that include c.

. ‘ . .
Lemma 7. If a transitiont = s — s’ is on an optimal goal
path from s to a goal state in the abstract transition system,
then its saturated cost is equal to its cost.

Lemma 8. Each cost component class ¢ contains at least
one cost component ¢ such that scf,(c) = cost(c) for all
heuristics h that c is relevant for.

Proof. Consider  the  cost  component

ij : :

Cliissl=1,1s; 1= (Isils]s51)° ".Fl.ns cost component will be
part of a label £ of a transition ¢ that only makes progress on
sequence s; from state s to a goal state g, for every heuristic
h that c is relevant for. This is because any heuristic that

is relevant for ¢ must include sequences s; and s; in its

c —
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Figure 7: Selected pairwise comparisons of runtime and node expansions. The solid diagonal marks parity (y = x); the dotted
lines mark progressively larger ratios between the two configurations.

corresponding pattern. The transition ¢ is the only transition
from s to g, so it must be on an optimal goal path from s to
g. From Lemma 7 we know that scf,(£) = cost(£), which
means that scf;,(¢) = cost(c). O

Theorem 9. In MSA, hFhO = p,SPhO

Proof. From Lemma 8 we get scf,,(c) = cost(c) for ev-
ery heuristic h that c is relevant for. It entails that the SPhO
constraint for c is ), o4, cost(c) - w, < cost(c), which is
the same as the PhO constraint for the cost component class
c*J. We also know that this constraint dominates any other
constraint for a cost component in the same class, so we can
ignore those other constraints without changing the solution
of the SPhO LP. The remaining constraints of the SPhO LP
are exactly that of the PhO LP.

O

Experiments

We implement all cost partitioning algorithms in the MSA-
Solver framework (Hatem, Burns, and Ruml 2018) and run
our experiments with the Lab toolkit (Seipp et al. 2017).
Each task runs on an AMD Ryzen 7 PRO 5850U CPU with a
300-second time limit and 8 GiB memory limit. We evaluate
the heuristics on the easy BaliBase benchmark set (Thomp-
son, Plewniak, and Poch 1999).

Impact of Cost Redistribution. First, we explore the im-
pact of redistribution by comparing GZOCP with SCP under
four pattern orderings: 2D-first (2D patterns first), 3D-first
(3D patterns first), best1-first (the 3D pattern with the high-
est initial-state heuristic value first, then all 2D patterns), and
best2-first (the highest-valued 3D pattern and the best 3D
pattern that does not conflict with it first, then all 2D pat-
terns). Table 1 compares node expansions between GZOCP
and SCP under the same pattern orderings. While SCP can
yield a stronger heuristic in cases where redistribution helps,
it typically does not pay off in terms of total solution time.
Figures 7a and 7b show that this holds even for the ordering
most favorable to redistribution, 2D-first. The main reason
for the weak performance of SCP is that the overhead of
redistribution does not empirically pay off in terms of total
runtime, even in cases where it does reduce search effort.
GZOCP only needs to check the redistribution condition

hGZOCP hSCP

z g EE 7z g &<

F ®F - d ®F € - d

NnAn 338 AAQ 3 8
AN QA & 6 »n Q © oS Solved
N 3D-first -5 13 8 0 0 5 4 80.0%
§ 2D-first 0O - 00 0 0 0 0 80.0%
Y. bestl-first 36 60 - 0 19 19 0 0 853%
best2-first 42 59 23 - 24 24 11 0 853%
3D-first 028 84 - 0 5 4 40.0%
g 2D-first 028 8 4 0 - 5 4 40.0%
= bestl-first 21 30 7 3 21 21 - 3 40.0%
best2-first 24 30 14 0 24 24 11 - 40.0%

Table 1: Pairwise comparison of node expansions between
different heuristics. Each cell (¢, j) indicates the number of
tasks solved by both algorithms where algorithm ¢ needs
fewer expansions than algorithm j. Bold values indicate
comparisons between configurations that use the same pat-
tern ordering.

once per cost component class ¢/ in a pattern. And its re-
distribution condition is relatively simple, which is whether
there exist a previously processed pattern that includes c¢*7.
In contrast, SCP needs to check the redistribution condition
for each individual cost component ¢, and the redistribution
condition is more complex as it involves resolving the newly
formed constraints NC'(c).

Comparison to Baselines. We compare h¥!:2, pall:3, pone.3,
hSCP and hO7OCP with different pattern orderings. We also
include three variants of APhO: hgho solves the LP once for
the initial state, 2" solves the LP for each evaluated state
and hf&? solves the LP for every 10000" state. Table 2 re-
ports a pairwise comparison of tofal node expansions. Total
expansions include the final f-layer, whose size depends on
A* tie-breaking rather than on heuristic strength, so heuris-
tics in a value-dominance relation can still trade places on
individual tasks.

Heuristic Estimates of PhO. By construction, hf™® <
RERO- < BP0 in heuristic value, as recomputing the LP at



R CGZOCP - pSCP KFhO Baselines

E 9 dTT 5 e
g 3 BKKKE%E’:’ Solved
J,GZ0CP 2D-first 0 0 00 0 0 0 0 80.0%
best2-first 59 - 0 00 02359 3 853%
BSP best2first 30 0 - 00 01430 1 40.0%
K=0 57 58 29 — 1 0575720 88.0%
RO K=1 57 56 29 39 — 39 56 57 41 78.7%
K=10k 57 58 29 6 1 - 57 5724 88.0%
g pone:3 60 0 0 00 0 —60 2 853%
= pa:2 0 0 000 0O — 0 80.0%
;“? B3 57 57 29 71 35757 - 88.0%

Table 2: Pairwise comparison of node expansions between
different heuristics. Each cell (7, j) indicates the number of
tasks solved by both algorithms and in which algorithm ¢
outperformed algorithm j.

more states can only tighten the estimate. Moreover, h*!3
is a feasible solution of the PhO LP when the LP ranges
over all 3D heuristics, so the per-state optimum A" domi-
nates h*3 in value, while h{"© and hf30 only guarantee this
relation for states they compute the PhO LP. Table 2 bears
out these value relations: hfho needs no more expansions
than any other variant on every task but one, which is a tie-
breaking artifact in the final f-layer. Recomputing the LP
at every state is costly, however, so hfl’ho solves fewer tasks
overall, and its stronger estimates do not improve coverage.

Conclusions

We study cost partitioning for MSA under factored transi-
tion costs, using cost components to adapt the saturation-
based methods SCP and SPhO. Theoretically, we show that
RSPRO coincides with 2P"O in MSA and that every traditional
MSA heuristic is dominated by at least one cost partition-
ing heuristic. Empirically, our results confirm the strength
of cost partitioning, while h5°F often reduces node expan-
sions compared to hZ9CP but does not consistently improve
runtime.
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