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POPULÄRVETENSKAPLIG SAMMANFATTNING

Föreställ dig en rymdströvare som utforskar ytan på Mars. För varje beslut den tar,

förbrukas dyrbara resurser och ett suboptimalt beteende kan hindra den från att upp-

nå sina vetenskapliga mål. I scenarier med höga insatser, som i detta fall, är det inte

nog att uppfylla målen ”tillräckligt bra”, utan vi behöver lösningar som bevisligen är

de bästa. Detta är en utav huvudtillämpningarna av en gren inom artificiell intelligens

som heter ”optimal klassisk planering”. Given en formell problembeskrivning beräk-

nar vi en ”plan”, vilket är en sekvens av åtgärder som uppnår ett specifikt mål. Denna

plan garanteras vara optimal med hänsyn till resursförbrukning, exempelvis energi-

förbrukning eller komponentslitage. Till skillnad från approximativa metoder som in-

troducerar en osäkerhet genom att nöja sig med suboptimala lösningar, ger optimal

planering säkerhet - ett kritiskt krav när resurserna är knappa och misstag är kost-

samma. Att hitta optimala lösningar är dock svårt. Planeringsalgoritmer använder sig

av heuristiker somuppskattar det optimala avståndet till målet. Omheuristiken aldrig

överskattar det optimala avståndet, det vill säga är en ”tillåtande” heuristik, garanteras

det att optimala lösningar kan upptäckas. Tillåtande heuristiker är inte unika, därför

är det ofta fördelaktigt att kombinera flera heuristiker av sådan kategori. Tyvärr är det

inte trivialt att kombinera heuristiker på ett sådan sätt att kombinationen i sig är tillå-

tande. Om flera heuristiker beaktar samma åtgärd i sina individuella uppskattningar

kommer denna åtgärd att räknas flera gånger, vilket ökar risken för överskattning av

det optimala avståndet. En lösning är kostnadsfördelning, där åtgärdskostnaderna för-

delasmellan flera heuristiker sådan att de alla förblir informativa samtidigt som deras

uppskattningar kan summeras utan att riskera överskattning. Detta arbete utforskar

flertalet förbättringar av framgångsrika kostnadsfördelningsalgoritmer, vilket möjlig-

gör en snabbare beräkning av tillåtande heuristiker, och som fördjupar vår förståelse

av dem.Detta kommer i förlängningen att förbättra beslutsfattningen och planeringen

i situationer där optimalitet är avgörande.
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ABSTRACT

Optimal classical planning aims to find minimal-cost action sequences in determin-
istic, fully observable problems. Strong domain-independent admissible heuristics
are crucial for optimal A* searches, and cost partitioning is one of the most power-
ful techniques for generating them. However, computing optimal cost partitions is
challenging because it requires solving a linear program for each encountered state.
There exist two strategies to make cost partitioning more practical. First there exist
non-optimal cost partitioning strategies that offer weaker guidance but are easier to
compute. Second, cost partitioning heuristics are often approximated by not comput-
ing one for every encountered state.

This thesis investigates how efficiently the non-approximative, say perfect, versions of
non-optimal cost partitioning strategies can be computed, which helps to understand
their true practical complexity and limits. We show that the perfect variant of two
common cost partitioning strategies, saturated cost partitioning (SCP) and saturated
post-hoc optimization (SPhO), can be computed muchmore efficiently than the naive
strategy.

SPhO computes cost partitions by solving a linear program for each state encountered
during the search, which is prohibitively expensive in practice. We introduce cover
rules based on the sensitivity analysis of linear programs that enable the reuse of cost
partitions across states without sacrificing heuristic quality. This drastically reduces
the number of linear program solver calls while preserving optimality. We also an-
alyze the structure of the saturated post-hoc optimization linear program, including
degeneracy and non-uniqueness, and propose an algorithm tomaximize cost partition
reusability.

SCP does not require a linear program to be solved and is cheaper to compute. How-
ever, its quality depends heavily on the ordering of component heuristics. The best
SCP heuristic wouldmaximize over all possible orders, but this is infeasible due to fac-
torial growth. We address this issue by representing SCP collections as term graphs,
which allows for the identification and elimination of trivial redundancies. By formal-
izing conditions for equivalent orders, we can eliminate non-trivial redundancies and
reduce the graph size by several orders of magnitude. This enables the first computa-
tion of the perfect SCP heuristic and the first comparison of existing SCP approaches
with their theoretical limit.
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1 Introduction

Building a rationally acting agent is widely recognized as the overall
goal of artificial intelligence research (Russell andNorvig 2003). Auto-
mated planning, the task of finding the actions that will achieve a goal,
is a quintessential component of building such an agent. It enables an
agent to reason about alternatives, constraints, and long-term conse-
quences instead of reacting to its environment. Without planning, AI
systems would struggle to operate autonomously in complex domains
such as robotics, logistics, and decision support, where foresight, coor-
dination, and long-term reasoning are necessary.

This thesis focuses on classical planning, which restricts itself to the
study of planning problems that are fully observablewith deterministic
effects. Despite being very restrictive, classical planning still models
many interesting and challenging problems, ranging from transport-
ing goods to elevator control and games like FreeCell and Sokoban.
A planning system can approach all these problems by planning on
a domain-independent representation such as boolean logic or tran-
sition systems. In optimal classical planning, we are only interested
in finding provably optimal solutions with respect to a single objec-
tive, usually plan cost. Current optimal planners typically approach
domain-independent planning as heuristic search (Bonet and Geffner
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1. Introduction

2001; Taitler et al. 2024). In this approach, the planning problem is
converted into a transition system that is then systematically solved
using a search algorithm. This approach is preferred because the
A* search algorithm with an admissible heuristic (Pearl 1984) (goal-
distance estimator) produces provably optimal solutions while explor-
ing as little of the state space as possible given the heuristic (Hart et
al. 1968). Automatically deriving strong admissible heuristics from a
domain-independent representation is therefore a core research field
of optimal classical planning.

Heuristics based on abstractions and cost partitioning have shown
great promise in the recent International Planning Competition
(IPC) (Taitler et al. 2024). The linear programming-based cost par-
titioning heuristic named optimal cost partitioning (Katz and Domsh-
lak 2010; Pommerening et al. 2015), computes the best possible cost
partition. Although it is the most informative cost partitioning heuris-
tic, it is too expensive to compute. Non-optimal cost partitioning ap-
proaches, such as saturated post-hoc optimization (Pommerening et al.
2013; Seipp et al. 2021), saturated cost partitioning (Seipp et al. 2020),
and the cost-partitioning-related potential heuristics (Pommerening et
al. 2015; Seipp et al. 2015; Pommerening 2017; Fišer et al. 2020) per-
form much better despite computing a less informative heuristic. In
addition to using a non-optimal cost partitioning strategy, cost parti-
tioning heuristics can easily be approximated, since an admissible cost
partitioning computed for one state is always admissible for all other
states as well. Therefore, cost partitioning heuristics are often approx-
imated, e.g., Karpas et al. (2011), Seipp et al. (2015), Seipp, Keller,
et al. (2017b), and Seipp (2021). This thesis instead investigates the
non-approximative, meaning the perfect, versions of two state-of-the-
art cost partitioning strategies: the saturated post-hoc optimization
heuristic and the saturated cost partitioning heuristic. We demon-
strate that the perfect versions of these two heuristics can be computed
much more effectively than with a naive approach.

1.1 Outline

The thesis is divided into two parts, one for each heuristic. The first
part shows that computing the saturated post-hoc optimization (SPhO)
linear program (LP) for each encountered state typically results in re-
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1.1. Outline

dundant work. Many SPhO cost partitions can be reused for different
states without approximating the heuristic, because the cost partitions
are frequently optimal for states other than the one for which theywere
optimized. We demonstrate that translating the concept of sensitivity
analysis from linear programming to classical planning makes it pos-
sible to predict whether a cost partition will remain a perfect heuristic
when reused for another state. We define four such predictors that in-
crease in strength but also in computational effort. Each predictor is
verified to be safe, both theoretically and practically, meaning that the
resulting heuristic is equivalent to the original SPhO heuristic.

We further analyze the LP solutions for degeneracy and non-
uniqueness, conditions that are known to impair the performance of
sensitivity analysis. Our experiments show that most saturated post-
hoc optimization LPs have non-unique or degenerate solutions. As a
countermeasure, we explore reformulations of the saturated post-hoc
optimization LP that reduce the amount of redundant information. Fi-
nally, we explore cost partition tiebreaking. We propose two strategies
for computing more versatile cost partitions, i.e., cost partitions that
are reusable for more states.

In the second part, we study another state-of-the-art non-optimal
cost partitioning algorithm: saturated cost partitioning. Unlike SPhO,
its perfect heuristic is not just slow to compute. It is impossible to com-
pute for most problems within the usual resource limits.

Saturated cost partitioning greedily computes a cost partition fol-
lowing a given order over component heuristics. The resulting heuris-
tic quality depends heavily on this order, and the optimal order may
differ for each state. Therefore, the perfect saturated cost partition-
ing heuristic would need to maximize over all possible orders. This
grows factorially with the number of component heuristics and quickly
becomes infeasible. We show that optimizing the heuristic representa-
tionwith computational graphs can automatically removemany redun-
dancies from the heuristic computation.

Combined with a theoretical analysis of which orders can be ex-
cluded without changing the heuristic value, this allows us to com-
pute the perfect saturated cost partitioning heuristic for much larger
abstraction sets than previously possible. We compare our approach
with an existing sampling-based saturated cost partitioning algorithm
and show that the existing approach is very close to computing the per-
fect heuristic version. This in turn confirms the large gap in heuris-
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1. Introduction

tic strength between saturated cost partitioning and optimal cost par-
titioning.

1.2 Experimental Setup

All algorithms in this thesis were implemented in Scorpion (Seipp et
al. 2020), a planner that is based on the Fast Downward planning sys-
tem (Helmert 2006). The planner uses the CPLEX LP solver version
20.1 to solve the linear programs. We conducted our experiments us-
ing the Downward Lab toolkit (Seipp, Pommerening, et al. 2017) with
a benchmark set of all 1907 tasks from the international planning com-
petitions from 1998-2023 that contain no conditional effects. As usual
in the IPC, we limit time to 30 minutes and memory to 8 GiB. Of the
1907 tasks, 1884 can be grounded, a necessary preprocessing step in
Scorpion, without running out of memory, making this the effective
benchmark size. The experiments were run on a cluster of Intel Xeon
Gold 6130 processors. All of our experimental data, code, and results
are published online1.

1.3 Contributions

Part one of this thesis unifies and builds upon the following two publi-
cations:

• Paul Höft et al. (2023b). “Sensitivity Analysis for Saturated Post-
hoc Optimization in Classical Planning.” In: Proceedings of
the 26th European Conference on Artificial Intelligence (ECAI
2023). Ed. by Kobi Gal et al. IOS Press, pp. 1044–1051

• Paul Höft et al. (2024). “Versatile Cost Partitioning with Ex-
act Sensitivity Analysis.” In: Proceedings of the Thirty-Fourth
International Conference on Automated Planning and Schedul-
ing (ICAPS 2024). Ed. by Sara Bernardini and Christian Muise.
AAAI Press, pp. 276–280.

The second part is based on the publication:

1Paul Höft (2026). Experiment data for the PhD Thesis “Computing Perfect Cost
Partitioning Heuristics for Classical Planning”. https://doi.org/10.5281/zenodo.
18376875.
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1.3. Contributions

• Paul Höft et al. (2025). “Representing Perfect Saturated Cost
Partitioning Heuristics in Classical Planning.” In: Proceedings
of the Twenty-Second International Conference on Principles of
Knowledge Representation and Reasoning (KR 2025). Ed. by
Magdalena Ortiz et al. IJCAI Organization, pp. 821–831.

The following planner abstracts from the IPC 2023 are related to this
thesis:

• Paul Höft et al. (2023a). “Dofri.” In: Tenth International Plan-
ning Competition (IPC-10): Planner Abstracts

• Dominik Drexler et al. (2023). “Ragnarok.” In: Tenth Interna-
tional Planning Competition (IPC-10): Planner Abstracts.

The following publications are not covered by this thesis:

• David Speck et al. (2023). “Finding Matrix Multiplication Algo-
rithms with Classical Planning.” In: Proceedings of the Thirty-
Third International Conference on Automated Planning and
Scheduling (ICAPS 2023). Ed. by Sven Koenig et al. AAAI Press,
pp. 411–416

• Elliot Gestrin et al. (2025). “Explainable Planning via Counter-
factual Task Analysis for the Beluga Challenge and Beyond.” In:
ICAPS2025Workshop onHuman-Aware andExplainable Plan-
ning (HAXP).
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2 Background

In this chapter, we define the core concepts that will be referenced
throughout the thesis. We introduce linear programming with its rel-
evant definitions of bases, sensitivity analysis, and degeneracy. After-
ward, we describe the most important classical planning background.
This includes its general definition, heuristics, and cost partitioning.

2.1 Linear Programming

The first part of this work focuses on the saturated post-hoc optimiza-
tion heuristic, which is based on linear programming. It will alsomake
use of the sensitivity analysis of linear program solutions. Given that
linear programming is not typically assumedas backgroundknowledge
in the planning literature, this section presents a more detailed intro-
duction to the relevant LP concepts. Most notation and definitions in
this section follow Vanderbei (2013) or Sierksma and Zwols (2015).

Linear programming (Dantzig 2002) is a subfield of Operations
Research investigating systems of linear inequalities called linear pro-
grams.

7



2. Background

Definition 2.1 (Canonical Linear Program)
A linear program (LP) in canonical form is defined as:

max
𝑥∈ℝ𝑛

𝑐𝑇 𝑥

subject to 𝐴𝑥 ≤ 𝑏 (2.1)

𝑥 ≥ 0
with 𝐴 ∈ ℝ𝑚×𝑛, 𝑏 ∈ ℝ𝑚, 𝑐 ∈ ℝ𝑛

In a canonical LP, we look for the decision variables 𝑥 that maxi-
mize the objective 𝑧 = 𝑐⊤𝑥 subject to linear constraints𝐴𝑥 ≤ 𝑏 formed
by the constraint matrix 𝐴 and right-hand side bounds (RHS) 𝑏, along
with nonnegativity constraints 𝑥 ≥ 0. Every primal LP has a corre-
sponding dual LP.

Definition 2.2 (Dual Linear Program)
The dual linear program of a canonical maximization linear program
is constructed as:

min
𝑦∈ℝ𝑚

𝑏⊤𝑦

subject to 𝐴⊤𝑦 ≥ 𝑐
𝑦 ≥ 0

with objective 𝑤 = 𝑏⊤𝑦.
The primal and dual LP have the same optimal objective value

if such a solution exists. This is known as the strong duality theo-
rem (Sierksma and Zwols 2015). In the following, we assume that all
LPs or their duals are in canonical form.

Example 2.1
We introduce a running example with the following canonical linear
program:

max
𝑥

2𝑥1 + 1𝑥2

subject to 𝑥1 + 𝑥2 ≤ 1
𝑥1 ≤ 2

𝑥1, 𝑥2 ≥ 0

8



2.1. Linear Programming

In matrix notation: 𝐴 = [ 1 1
1 0 ], 𝑏 = [ 1

2 ] 𝑐 = [ 2
1 ], so the corresponding

dual is:

min
𝑦

1𝑦1 + 2𝑦2

subject to 𝑦1 + 𝑦2 ≥ 2
𝑦1 ≥ 1

𝑦1, 𝑦2 ≥ 0
Linear programming is a versatile tool due to its broad applicabil-

ity and polynomial complexity (Spielman and Teng 2004; Kelner and
Spielman2006). Themost commonly used algorithm for solvingLPs is
the simplex algorithm (Bradley et al. 1977). To apply the simplex algo-
rithm to the input LP, it is converted into augmented form by adding𝑚
slack variables to the decision variables so that all constraints become
equalities.

Example 2.2
Our running example expanded with slack variables has the following
form:

max
𝑥

2𝑥1 + 1𝑥2

subject to 𝑥1 + 𝑥2 + 𝑠1 = 1
𝑥1 + 𝑠2 = 2

𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0
So in augmented form the matrices become 𝐴 = [ 1 1 1 0

1 0 0 1 ], 𝑏 = [ 1
2 ], and

𝑐 = [
2
1
0
0

].

Since all results below expect a linear program in augmented
form, we combine both the original decision variables and the slacks
as the variable 𝑥, where 𝑥1, … , 𝑥𝑛 are the decision variables and
𝑥𝑛+1, … , 𝑥𝑛+𝑚 are the slacks. Every assignment to the decision vari-
ables 𝑥 that satisfies the constraints is called feasible. The set of all
feasible solutions comprises the feasible region, a convex polytope in
𝑛 dimensions.

A basic solution of a linear program is a solution that divides the
variables into two categories: 𝑚 basic variables and 𝑛 non-basic vari-
ables. The basic variables then create a linear basis of the current so-
lution and can take non-zero values, while the non-basic variables are

9



2. Background

set to zero. Setting all non-basic variables to zero leads to a solvable
system of linear equations for valid bases that returns the values for
the basic variables. Every solution that can be obtained by forming a
basis is called a basic solution of the linear program. If a basic solution
also obeys the non-negativity constraints it is a basic feasible solution.

All basic feasible solutions correspond to vertices of the feasible
polytope and the simplex algorithm operates by traversing these ba-
sic feasible solutions of a linear program. This is no restriction, since
if a feasible solution exists, there exists a basic feasible solution and if
an optimal solution exists, there exists an optimal basic feasible solu-
tion. This is known as the Fundamental Theorem of Linear Program-
ming (Vanderbei 2013).

In each iteration, the simplex algorithm swaps one basic variable,
the leaving variable, with one non-basic variable, the entering vari-
able, gradually increasing the objective value of the solution. For ev-
ery solvable augmented canonical LP, there exists a basic feasible solu-
tion, where all slacks are basic, and all decision variables are non-basic
(Sierksma and Zwols 2015).

Example 2.3
In our running example, fixing the decision variables 𝑥1 and 𝑥2 to zero
gives us two linear equations with two unknowns, 𝑠1 and 𝑠2. The LP
can then be solved with 𝑠1 = 1 and 𝑠2 = 2. Thus, 𝑥1 and 𝑥2 are the non-
basic variables and 𝑠1 and 𝑠2 are the basic variables. Note that this is a
non-optimal solution.

Because the distinction between basic and non-basic variables is
fundamental to LP solutions obtained from the simplex algorithm, it
is useful to adopt a notation that allows for the easy selection of these
subsets of variables and their corresponding constraints. Following
Vanderbei (2013), we introduce the index vectors ℬ and 𝒩 to denote
basic and non-basic variable indices, respectively. These indices are
used to slicematrices and vectors accordingly. For amatrix𝑀 ∈ ℝ𝑚×𝑛,
𝑀ℬ = (𝑀𝑖𝑗) 𝑗∈ℬ

1≤𝑖≤𝑚
selects only the columns corresponding to basic vari-

ables. For single columns, we use the shorthand𝑀𝑗 = (𝑀𝑖𝑗)1≤𝑖≤𝑚. For
vectors, the notation 𝑣ℬ = (𝑣𝑖)𝑖∈ℬ refers to selecting the elements at in-
dices in ℬ 1.

1For matrix and vector notation, −1 denotes matrix inversion, ⊤ denotes matrix
transposition and −⊤ their combination.

10



2.2. Sensitivity Analysis of Linear Programs

A basis is valid if the 𝑚 × 𝑚 basis matrix 𝐵 = 𝐴ℬ formed by the
𝑚 columns of 𝐴 associated with the basic variables is invertible. In
this case, fixing the non-basic decision variables to zero (𝑥𝒩 = 0) and
the basic decision variables to 𝑥ℬ = 𝐵−1𝑏 results in the objective value
𝑐⊤

ℬ𝑥ℬ. Since any basic solution is fully defined by knowing the basic
indices vector ℬ, we will hereafter refer to the basic indices vector as
the basis of a linear program and use it to define LP solutions.

Example 2.4
In the initial basic feasible solution of our running example the slacks

are the basic variables. The combined vector 𝑥 has the entries [
𝑥1𝑥2𝑠1𝑠2

],
so ℬ = [ 3

4 ] and 𝒩 = [ 1
2 ]. Here, 𝐴ℬ = [ 1 0

0 1 ], 𝐴𝒩 = [ 1 1
1 0 ] 𝑐ℬ = [ 0

0 ],
𝑐𝒩 = [ 2

1 ]. The solution is therefore 𝑥ℬ = 𝐵−1𝑏 = [ 1 0
0 1 ][ 1

2 ] = [ 1
2 ] with

objective value 𝑐⊤
ℬ𝑥ℬ = [ 0 0 ][ 1

2 ] = 0.
We now define the conditions that a typical LP solver will use to

determine if an LP basis is optimal.

Definition 2.3 (Feasibility and Optimality Condition (Sierksma and
Zwols 2015))
A basis ℬ is feasible for a linear program with RHS bounds 𝑏 and ob-
jective coefficients 𝑐 if

𝐵−1𝑏 ≥ 0 (2.2)

and optimal if it is feasible and

𝑐𝒩 − (𝐵−1𝐴𝒩)⊤𝑐ℬ ≤ 0 (2.3)

It is important to note that the optimality condition is not a neces-
sary condition. If the LP basis is degenerate (see Section 2.3) there can
exist optimal basic solutions that do not fulfill the optimality condition.

2.2 Sensitivity Analysis of Linear Programs

Sensitivity analysis, also known as post-optimality analysis, deter-
mines how sensitive the optimal solution of an LP is to small changes
in its parameters (Gal 1986). Since each alternative solution is reached
by swapping one of the basic variables with one of the non-basic ones,
it is possible to discern information about the stability of the current so-
lution. This is done by inferringwhat changeswould need to happen so

11



2. Background

that a non-basic variable becoming basic would improve the solution
again. For each non-basic variable, the simplex algorithm provides ad-
ditional sensitivity information that can be used to determine the effect
of small changes in that variable on the current basis, in the form of the
reduced cost ̄𝑐𝒩 and shadow prices ̄𝑦.

Definition 2.4 (Reduced Costs)
The reduced costs ̄𝑐𝒩 of the non-basic variables 𝑥𝒩 can be computed
as ̄𝑐𝒩 = 𝑐𝒩 − (𝐵−1𝐴𝒩)⊤𝑐ℬ.

The value ̄𝑐𝑖 represents the smallest decrease in 𝑐𝑖 that would al-
low 𝑥𝑖 to enter the basis without decreasing the objective value. Equiv-
alently, ̄𝑐𝑖 equals the drop in the optimal objective value if we force
𝑥𝑖 = 1 (when feasible). It can therefore be understood as a local one-
sided derivative of the objective value for variable 𝑥𝑖. The reduced cost
of a basic variable is always zero.

Since the objective coefficients of non-basic slack variables are al-
ways zero and their columns of the constraint matrix are unit vectors,
the reduced costs for them simplify to

̄𝑐𝒩𝑠
= 𝑐𝒩𝑠

− (𝐵−1𝐴𝒩𝑠
)⊤𝑐ℬ

= 0 − 𝐼⊤𝐵−⊤𝑐ℬ
= −𝐵−⊤𝑐ℬ.

This quantity is the negative of the solution to the dual problem 𝑦 =
𝐵−⊤𝑐ℬ and relates changes of the constraints to the objective value.

Definition 2.5 (Shadow Price)
The shadow price ̄𝑦𝑖 = (−𝐵−⊤𝑐ℬ)𝑖 of constraint 𝑖 is the change in ob-
jective value that occurs when changing the RHS of constraint 𝑖 (i.e.,
𝑏𝑖) by ±1, provided this is feasible.

Computing the reduced cost of a slack variable therefore gives the
shadow price. They have different names since they differ in their
meaning: reduced costs are one-sided while shadow prices can be
valid in both directions. Since the reduced costs represent the negative
change in the objective value, having ̄𝑐𝒩 ≤ 0 guarantees that the cur-
rent solution is optimal when using the simplex algorithm (see Equa-
tion 2.3).

Using the reduced costs and shadow prices, sensitivity analysis ex-
tracts intervals [𝐿, 𝑈] with 𝐿, 𝑈 ∈ ℝ ∪ {−∞, ∞} for the objective coef-

12



2.2. Sensitivity Analysis of Linear Programs

ficients 𝑐 and constraint values 𝑏 from an optimal LP solution. The in-
terval bounds define limits on the perturbation of a single 𝑐𝑖 or 𝑏𝑖 such
that if the perturbed 𝑏′

𝑖 = 𝑏𝑖 + Δ𝑏𝑖 is inside the bounds 𝐿 ≤ 𝑏′
𝑖 ≤ 𝑈 , the

previous basis ℬ is still an optimal solution for the perturbed LP. We
can use the conditions from Equations 2.2 and 2.3 to check if changes
of the objective coefficients or the RHS bounds preserve the optimality
of the current basis.

Example 2.5
The optimal solution basis for our running example is ℬ = [ 1

4 ] and
therefore 𝒩 = [ 2

3 ]. This can be confirmed by checking that Equa-
tions 2.2 and 2.3 hold.

𝐵−1𝑏 = [ 1 0
−1 1] [1

2] = [1
1] ≥ 0

̄𝑐𝒩 = 𝑐𝒩 − (𝐵−1𝐴𝒩)⊤𝑐ℬ = [1
0] − ([ 1 0

−1 1] [1 1
0 0])

⊤
[2
0]

= [−1
−2] ≤ 0

Since 𝒩2 is a slack variable, the second entry ̄𝑐𝒩2
= −2 is really a

shadow price ̄𝑦2 = 2.
Following the definitions from Bradley et al. (1977), Vanderbei

(2013), and Sierksma and Zwols (2015), we will now show the most
important sensitivity analysis results for this work. This includes the
range-based method for computing sensitivity bounds for changes of
a single value and the 100% rule, which also applies when multiple
values are changed at once. We show these results for computing the
sensitivity bounds under perturbations of the objective coefficients and
RHS bounds.

2.2.1 Ranges for Objective Coefficients

When adjusting an objective coefficient 𝑐′
𝑖 = 𝑐𝑖 + Δ𝑐𝑖, only the opti-

mality condition is changed and feasibility is preserved. The change in
reduced costs isΔ ̄𝑐𝒩 = Δ𝑐𝒩 −(𝐵−1𝐴𝒩)⊤Δ𝑐ℬ and optimality holds as
long as the changed reduced costs still fulfill the optimality condition

13
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from Equation 2.3.

̄𝑐𝒩 + Δ ̄𝑐𝒩 ≤ 0
iff Δ ̄𝑐𝒩 ≤ − ̄𝑐𝒩 = −(𝑐𝒩 − (𝐵−1𝐴𝒩)⊤𝑐ℬ)
iff Δ𝑐𝒩 − (𝐵−1𝐴𝒩)⊤Δ𝑐ℬ ≤ (𝐵−1𝐴𝒩)⊤𝑐ℬ − 𝑐𝒩 (2.4)

If the variable 𝑥𝑖 corresponding to 𝑐𝑖 is non-basic, then Δ𝑐ℬ = 0
and Equation 2.4 simplifies to Δ𝑐𝒩 ≤ (𝐵−1𝐴𝒩)⊤𝑐ℬ − 𝑐𝒩. Since 𝑐𝑖
is the only changed value in 𝑐𝒩, we only need to ensure that Δ𝑐𝑖 ≤
(𝐵−1𝐴𝑖)⊤𝑐ℬ − 𝑐𝑖. This condition can be expressed as bounds on the
values of 𝑐′

𝑖.

Proposition 2.1 (Sierksma and Zwols 2015) An LP basis 𝐵 remains
optimal under changes of an objective coefficient 𝑐𝑖 of a non-basic
variable 𝑥𝑖 as long as 𝐿 ≤ 𝑐′

𝑖 ≤ 𝑈 , where

𝐿 = −∞, 𝑈 = (𝐵−1𝐴𝑖)⊤𝑐ℬ = 𝑐𝑖 − ̄𝑐𝑖

If 𝑥𝑖 is basic instead, Δ𝑐𝒩 = 0 and Equation 2.4 simplifies as fol-
lows:

Δ𝑐𝒩 − (𝐵−1𝐴𝒩)⊤Δ𝑐ℬ = −(𝐵−1𝐴𝒩)⊤Δ𝑐ℬ
≤ (𝐵−1𝐴𝒩)⊤𝑐ℬ − 𝑐𝒩 = − ̄𝑐𝒩

iff (𝐵−1𝐴𝒩)⊤Δ𝑐ℬ ≥ ̄𝑐𝒩

With 𝑑 = (𝐵−1𝐴𝒩)⊤
𝑖 , we have 𝑑Δ𝑐𝑖 ≥ ̄𝑐𝒩. Each row 𝑑𝑗 of 𝑑 poses its

own restrictions onto Δ𝑐𝑖:

Δ𝑐𝑖 ≥
̄𝑐𝒩𝑗

𝑑𝑗
if 𝑑𝑗 > 0

Δ𝑐𝑖 ≤
̄𝑐𝒩𝑗

𝑑𝑗
if 𝑑𝑗 < 0

If 𝑑𝑗 = 0, the row poses no restrictions on Δ𝑐𝑖.

Proposition 2.2 An LP basis remains optimal under changes of an
objective coefficient 𝑐𝑖 of a basic variable 𝑥𝑖 as long as 𝐿 ≤ 𝑐′

𝑖 ≤ 𝑈 ,
where

𝐿 = 𝑐𝑖 +max
𝑑𝑗>0

(
̄𝑐𝒩𝑗

𝑑𝑗
) , 𝑈 = 𝑐𝑖 +min

𝑑𝑗<0
(

̄𝑐𝒩𝑗

𝑑𝑗
) , 𝑑 = (𝐵−1𝐴𝒩)⊤

𝑖 ,

max(∅) = −∞ andmin(∅) = ∞.
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2.2. Sensitivity Analysis of Linear Programs

When adjusting 𝑐𝑖 inside the given bounds, the basis stays the same,
but the objective value of the linear program changes. The new objec-
tive value can be computed as (𝑐ℬ + Δ𝑐ℬ)⊤𝑥ℬ, since the solution stays
the same.

Example 2.6
In our running example, the reduced costs of 𝑐2 are −1, so following
Proposition 2.1, the objective can be adjusted up to 2𝑥1 + 2𝑥2 without
losing optimality of the basis. For 𝑐1, which belongs to a basic variable,
we follow Proposition 2.2 to ensure 𝑑Δ𝑐1 ≥ ̄𝑐𝒩.

𝑑 = (𝐵−1𝐴𝒩)⊤
𝑖 = [1 −1

1 −1]
1

= [1
1] , ̄𝑐𝒩 = [−1

−2]

𝐿 = 𝑐𝑖 +max
𝑑𝑗>0

(
̄𝑐𝒩𝑗

𝑑𝑗
) = 2 +max(−1

1 , −2
1 ) = 2 + −1 = 1

𝑈 = 𝑐𝑖 +min
𝑑𝑗<0

(
̄𝑐𝒩𝑗

𝑑𝑗
) = 2 +min(∅) = 2 + ∞ = ∞

1 ≤ 𝑐1 ≤ ∞

This tells us that the current basis is optimal for changes of 𝑐1 down to
1𝑥1 + 1𝑥2 and any changes upwards.

2.2.2 Ranges of Right-Hand Side Constraints

Adjusting the RHS changes the basic variables 𝑥ℬ. Since everything
else stays the same, the current basis remains feasible as long as 𝑥ℬ =
𝐵−1𝑏 ≥ 0. Feasibility also implies optimality here since the reduced
costs do not change. We perform the same perturbation analysis on
this condition to obtain the sensitivity ranges.

𝑥′
ℬ = 𝑥ℬ + Δ𝑥ℬ ≥ 0 iff 𝐵−1Δ𝑏 ≥ −𝑥ℬ

The bounds follow from each row 𝑗 individually:

Δ𝑏𝑖 ≥
−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

if 𝐵−1
𝑗𝑖 > 0

Δ𝑏𝑖 ≤
−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

if 𝐵−1
𝑗𝑖 < 0

Proposition 2.3 (Bradley et al. 1977) An LP basis remains optimal
when changing one RHS bound from 𝑏𝑖 to 𝑏′

𝑖, as long as 𝐿 ≤ 𝑏′
𝑖 ≤ 𝑈 ,
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where

𝐿 = 𝑏𝑖 + max
𝑗,𝐵−1

𝑗𝑖 >0
(

−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

) , 𝑈 = 𝑏𝑖 + min
𝑗,𝐵−1

𝑗𝑖 <0
(

−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

)

andmax(∅) = −∞,min(∅) = ∞.

The new optimal objective value 𝑧′ can be computed from the old
objective value 𝑧 and shadow prices of the RHS constraints: 𝑧′ = 𝑧 +

̄𝑦𝑖(𝑏′
𝑖 − 𝑏𝑖).

Example 2.7
As an example, we calculate the sensitivity bounds of 𝑏1 in our running
example:

𝐵−1 = [ 1 0
−1 1] , 𝑥ℬ = [1

1]

𝐿 = 𝑏𝑖 + max
𝑗,𝐵−1

𝑗𝑖 >0
(

−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

) = 1 +max(−1
1 ) = 0

𝑈 = 𝑏𝑖 + min
𝑗,𝐵−1

𝑗𝑖 <0
(

−𝑥ℬ𝑗

𝐵−1
𝑗𝑖

) = 1 +min(−1
−1) = 2

Increasing the bound 𝑏1 from 1 to 2 would therefore improve the opti-
mal objective from 𝑧 = 2 to

𝑧′ = 𝑧 + ̄𝑦𝑖(𝑏′
𝑖 − 𝑏𝑖)

= 2 − (𝐵−⊤𝑐ℬ)1 ⋅ 1

= 2 − ([1 −1
0 1 ] [2

0])
1

= 4.

2.2.3 100% Rule for Objective Values and Right-Hand
Side Constraints

The sensitivity intervals [𝐿, 𝑈] are limits derived for perturbations of
single coefficients or bounds. This means that, without further consid-
eration, they only hold as long as only one such parameter is changed
at a time. As soon as multiple parameters are changed simultaneously,
these bounds are no longer valid. Addressing this issue, the 100%
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rule (Bradley et al. 1977) provides a set of safe conditions for generaliz-
ing the interval ranges to cases wheremultiple parameters are changed
together.

Proposition 2.4 (Bradley et al. 1977) An LP basis remains optimal
while changing multiple RHS bounds from 𝑏𝑖 to 𝑏′

𝑖 = 𝑏𝑖 + Δ𝑏𝑖 as long
as

∑
1≤𝑖≤𝑚

𝜆𝑖 ≤ 1, where 𝜆𝑖 = Δ𝑏𝑖
Δ𝑏∗

𝑖
with Δ𝑏∗

𝑖 = {𝑈𝑖 − 𝑏𝑖 if Δ𝑏𝑖 ≥ 0,
𝐿𝑖 − 𝑏𝑖 otherwise.

In this context, division by ±∞ is defined as zero.

Example 2.8
In our running example, the bounds for 𝑏′

1 and 𝑏′
2 are 0 ≤ 𝑏′

1 ≤ 2 and
1 ≤ 𝑏′

2 ≤ ∞. Using the 100% rule reveals that, when increasing 𝑏2, 𝑏1
can still be freely changed inside its bounds without affecting optimal-
ity since the upper bound for 𝑏2 is ∞ and therefore does not increase
𝜆.

For the objective coefficients, P. Cai and J.-Y. Cai (1997) showed
that the same approach can be strengthened by distinguishing between
coefficients for basic and non-basic variables.

Proposition 2.5 (P. Cai and J.-Y. Cai 1997) An LP basis remains
optimal while changing multiple objective coefficients as long as the
following inequality is fulfilled.

∑
𝑘∈ℬ

𝜆𝑘 +max
𝑙∈𝒩

𝜆𝑙 ≤ 1, with 𝜆𝑖 = Δ𝑐𝑖
Δ𝑐∗

𝑖

and Δ𝑐∗
𝑖 = {𝑈𝑖 − 𝑐𝑖 if Δ𝑐𝑖 ≥ 0,

𝐿𝑖 − 𝑐𝑖 otherwise.

There aremethods to compute stronger approximations in the case
of multiple parameter changes, such as parametric analysis (Bradley
et al. 1977), two-sided shadow prices (Gal 1986), or the tolerance ap-
proach (Wendell 1985). Since these methods are quite sophisticated
and computationally demanding, we focus on the efficient sensitivity
analysis methods presented above.
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2.3 Degeneracy and Non-Uniqueness of LP
Solutions

The solution of a linear program is usually defined as the objective
value 𝑧 or the assignment to the decision variables 𝑥. In contrast, the
simplex algorithm works with bases. In pathological cases known as
degeneracy and non-uniqueness, the correspondence between bases
and decision variables or solution values is no longer one-to-one.

Definition 2.6 (Degenerate Bases (Sierksma and Zwols 2015))
An LP basis is degenerate when at least one of its basic decision vari-
ables 𝑥ℬ is zero. The zero-valued basic variables are then also called
degenerate variables.

A degenerate basis indicates that alternative bases with the same
decision variable assignment can exist. Geometrically, a degenerate
basis is a vertex of the 𝑛-dimensional solution polytope where more
than 𝑛 facets intersect. This leads to a basic variable that is effectively
non-basic and is constrained to zero. Under some circumstances, the
degenerate variable can be swapped with a non-basic one to form a
different basis, where all non-zero basic variables retain their values.

Example 2.9
When adjusting the bound of the first constraint in our running exam-
ple, we end up with a degenerate optimal basis.

max
𝑥

2𝑥1 + 1𝑥2

subject to 𝑥1 + 𝑥2 ≤ 2
𝑥1 ≤ 2

𝑥1, 𝑥2 ≥ 0

We previously found via sensitivity analysis that the basis ℬ = [ 1
4 ]

is still optimal under this change. When computing the basic solu-
tion values, we get 𝑥ℬ = 𝐵−1𝑏 = [ 1 0

−1 1 ][ 2
2 ] = [ 2

0 ]. This solution
is degenerate because the basic variable 𝑠2 = 0. In this case there
also exists an alternative basis that shares the same solution values
𝑥1 = 2, 𝑥2 = 0, 𝑠1 = 0, 𝑠2 = 0. It is the basis ℬ′ = [ 1

2 ]. This can be
confirmed by computing 𝑥ℬ′ = [ 1 0

−1 1 ][ 2
2 ] = [ 2

0 ].
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Basis Decision Variables Solution Value

B1 x1 z1

B2 x2 z2

(a) Non-degenerate unique bases

Basis Decision Variables Solution Value

B1 x1 z1

B2

(b) Degenerate bases

Basis Decision Variables Solution Value

B1 x1 z1

B2 x2

(c) Non-unique bases

Figure 2.1: Relation of bases to LP solutions under degeneracy and
non-uniqueness. ℬ2 and 𝑥2 are placeholders for potentially many
alternative bases and decision variables under degeneracy and non-
uniqueness.

Non-uniqueness (also called multiplicity) occurs when multiple as-
signments to the decision variables 𝑥ℬ are optimal.

Definition 2.7 (Non-unique Bases (Sierksma and Zwols 2015))
An LP basis is non-unique when at least one of the reduced costs ̄𝑐𝒩 is
zero.

A non-unique basis indicates that alternative solutions with differ-
ent solution values can exist. This happens when the objective coeffi-
cients and at least one constraint are linearly dependent. Degeneracy
and non-uniqueness are not definitive indicators of alternative solu-
tions: they only show that alternatives may exist, because both con-
ditions can occur simultaneously and then influence each other. Fig-
ure 2.1 shows the effect of degeneracy and non-uniqueness on the rela-
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tion between bases, decision variables and solution values. Addition-
ally, degeneracy in the primal LP is closely related to non-uniqueness
in the dual and vice versa. We refer to Sierksma and Zwols (2015) for
an explanation of the subtleties involved.

Example 2.10
Adjusting the objective coefficients in our running example from 𝑐 =
[ 2

1 ] to [ 1
1 ] produces a non-unique optimal solution. We showed previ-

ously that the basis ℬ = [ 1
4 ] is still optimal under these changes, so we

first show that this is indeed a non-unique basis by calculating the re-
duced costs: ̄𝑐𝒩 = 𝑐𝒩 − (𝐵−1𝐴𝒩)⊤𝑐ℬ = [ 1

0 ] − ([ 1 0
−1 1 ][ 1 1

0 0 ])⊤ [ 1
0 ] = [ 0

−1 ].
Since the reduced costs for 𝑥2 are zero, this is a non-unique solution.
The alternative solution is the basis ℬ′ = [ 2

4 ]. This can be confirmed
by computing 𝑧 = 𝑐⊤

ℬ𝐵−1𝑏 = [ 1 0 ][ 0 1
1 0 ][ 1

2 ] = 2. This differs from degen-
eracy because here the solution values do change: 𝑥ℬ = 𝐵−1𝑏 = [ 1

1 ]
and 𝑥ℬ′ = [ 1

2 ].
Both conditions negatively affect sensitivity analysis because they

break the expected guarantee that a different basis leads to a differ-
ent solution. Because degeneracy or non-uniqueness allow multiple
optimal bases, the change in basis that sensitivity analysis predicts as
marking the loss of optimalitymay instead lead to a different basis that
is still optimal. As a result, the computed sensitivity ranges no longer
correctly indicate when the current solution ceases to be optimal. Fig-
ure 2.1 shows that, under degeneracy, sensitivity analysis forℬ1 might
give different bounds than for ℬ2 even though they define the same
decision variable assignment.

Example 2.11
When calculating the sensitivity of 𝑐1 in the adjusted running LP from
Example 2.9 we get the same sensitivity analysis as before when look-
ing at the basis ℬ = [ 1

4 ], since none of the involved values changed.
When looking at the alternative optimal basis ℬ′ = [ 1

2 ] instead, the ef-
fect of degeneracy becomes apparent. Under this other basis, the calcu-
lated bounds for 𝑐1 are: ̄𝑐𝒩 = [ 0

0 ]−[ 0 1
1 −1 ][ 2

2 ] = [ −2
0 ], [ 0 1

1 −1 ]1Δ𝑐1 ≥ [ −2
0 ],

so 2 ≤ 𝑐1 ≤ ∞, which ismore restrictive than the bounds we got before.

Removing redundant constraints and variables from a linear pro-
gram can help to reduce the amount of degenerate and non-unique so-
lutions.
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Example 2.12
In the adjusted running LP from Example 2.9 the second constraint is
redundant. Removing it helps improve the sensitivity analysis, since
the number of optimal feasible bases reduces to one ℬ = [ 1 ], which
still gives the original sensitivity analysis bounds from Example 2.9 for
𝑐1.

2.4 Optimal Classical Planning

Classical planning is a subfield of AI planning that aims to find solu-
tions to discrete, fully observable, deterministic, single-player prob-
lems (tasks) with instantaneous actions. Since the goal is to create
problem-independent solvers, classical planners accept tasks defined
in a planning formalism, i.e., a problem-independent input language.
This thesis will focus on planning tasks in the Simplified Action Struc-
tures (SAS+) formalism (Bäckström and Nebel 1995). A planning task
given in SAS+defines a finite-domain representation of the following
form.

Definition 2.8 (Planning Task)
A planning task Π is a tuple ⟨𝒱, 𝒪, ℐ, 𝛾⟩ with:

• 𝒱 = ⟨𝑣1, … , 𝑣𝑛⟩ : a tuple of finite-domain variables. Each vari-
able 𝑣𝑖 has a domain dom(𝑣𝑖), a set of values it can take. A par-
tial state is a partial function mapping variables to values from
their respective domains: 𝑠∶ vars(𝑠) → ⋃𝑣∈𝒱 dom(𝑣), where
vars(𝑠) ⊆ 𝒱. If vars(𝑠) = 𝒱, 𝑠 is called a state. 𝑆(Π) is the set of
all states of Π.

• 𝒪: a set of operators 𝑜. An operator is a tuple
⟨pre(𝑜), eff(𝑜), cost(𝑜)⟩. The preconditions pre(𝑜) and effects
eff(𝑜) are partial states and cost(𝑜) ∈ ℝ≥0.

• ℐ: an initial state.

• 𝛾: a set of (partial) states called goal states.

We say a (partial) state 𝑠 satisfies another (partial) state 𝑡 if ∀𝑣 ∈
vars(𝑡) ∶ 𝑠(𝑣) = 𝑡(𝑣), or in short we write 𝑡 ⊆ 𝑠. An operator 𝑜 is appli-
cable in state 𝑠 if pre(𝑜) ⊆ 𝑠. Applying 𝑜 in state 𝑠 results in a new state
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𝑠J𝑜K = 𝑠 ⊕ eff(𝑜), where vars(𝑠 ⊕ eff(𝑜)) = vars(𝑠) ∪ vars(eff(𝑜)) and

(𝑠 ⊕ eff(𝑜))[𝑣] = {eff(𝑜)[𝑣] for all 𝑣 ∈ vars(eff(𝑜)).
𝑠[𝑣] for all 𝑣 ∈ vars(𝑠) ∖ vars(eff(𝑜)).

The idea of planning as state-space search or heuristic
search (Bonet and Geffner 2001) is to translate this finite-domain rep-
resentation into a transition system that can be traversed with a search
algorithm. A planning problem expressed in the SAS+formalism in-
duces a weighted transition system.

Definition 2.9 (Transition System)
A transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ is a directed graph with la-
belled edges. 𝑆 is a set of states, 𝐿 a set of labels, and a set of labeled
transitions 𝑇 ⊆ 𝑆 × 𝐿 × 𝑆. We also write transitions (𝑠, ℓ, 𝑠′) ∈ 𝑇 as

𝑠 ℓ−→ 𝑠′. It has one initial state 𝑠0 ∈ 𝑆 and a set of goal states 𝑆∗ ⊆ 𝑆. A
label ℓ affects a transition system 𝒯 if and only if there exists a transi-

tion 𝑠 ℓ−→ 𝑠′ in 𝑇 such that 𝑠 ≠ 𝑠′.

Definition 2.10 (Cost Function)
A cost function for transition system 𝒯 is a function cost ∶ 𝐿 → ℝ ∪
{−∞, ∞}. We write 𝐶(𝒯) for the set of all cost functions for 𝒯. A cost
function isnon-negative if cost(ℓ) ≥ 0 for all ℓ ∈ 𝐿 of𝒯. A cost function
that is not non-negative (i.e., for which there exists an ℓ ∈ 𝐿 such that
cost(ℓ) < 0) is called general.

Definition 2.11 (Weighted Transition System)
Aweighted transition system is a tuple ⟨𝒯, cost⟩where𝒯 is a transition
system and cost is a cost function for𝒯. We also write𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0,
𝑆∗, cost⟩ for weighted transition systems.

Definition 2.12 (State Space)
The induced weighted transition system, called a state space, of a plan-
ning taskΠ = ⟨𝒱, 𝒪, ℐ, 𝛾⟩ is the transition system𝒯Π = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗,
cost⟩ where

• 𝑆 = 𝑆(Π)

• 𝐿 = 𝒪

• 𝑇 = {𝑠 𝑜−→ (𝑠 ⊕ eff(𝑜))|𝑠 ∈ 𝑆, 𝑜 ∈ 𝒪 such that pre(𝑜) ⊆ 𝑠}

• 𝑠0 = ℐ
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2.4. Optimal Classical Planning

• 𝑆∗ = {𝑠 ∈ 𝑆|𝛾 ⊆ 𝑠}

• cost(ℓ) = cost(𝑜), where label ℓ corresponds to operator 𝑜

A sequence of actions that leads from one state to one of the goal
states in 𝑆∗ is called a plan.

Definition 2.13 (Plan)
Let 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ be a transition system. A sequence of labels
𝜋 = ⟨ℓ0, … , ℓ𝑛−1⟩ is called a plan for state 𝑠0 ∈ 𝑆 if there exists a se-

quence of states ⟨𝑠0, … , 𝑠𝑛⟩ such that 𝑠𝑖
ℓ𝑖−→ 𝑠𝑖+1 for all 0 ≤ 𝑖 ≤ 𝑛 − 1

and 𝑠𝑛 ∈ 𝑆∗. Given a cost function cost for 𝒯, the cost of a plan is
cost(𝜋) = ∑𝑛−1

𝑖=0 cost(ℓ𝑖), where infinities are handled by the rule of
left-addition so ∞ − ∞ = ∞. A plan 𝜋 is optimal for state 𝑠 if there
exists no other plan 𝜋′ with cost(𝜋′) < cost(𝜋). A plan for the initial
state of a transition system is a solution for it.

Definition 2.14 (Goal distance)
Let 𝒯 be a transition system. Given a cost function cost for 𝒯, the goal
distance ℎ∗

𝒯(𝑠, cost) of a state 𝑠 ∈ 𝑆 is the cheapest path to a goal state
if such a path exists and ∞ otherwise. We will leave out the transition
system if it is obvious from context.

The objective of optimal classical planning is to find provably op-
timal solutions to a given planning problem or prove that no such plan
exists. One approach that can fulfill these conditions is A* search with
an admissible heuristic (Hart et al. 1968).

2.4.1 Heuristics

Aheuristic function guides a search algorithmby providing an estimate
of how costly the optimal path to the goal is (Pearl 1981). The goal dis-
tance is also called the perfect heuristic since it is the perfect estimator.

Definition 2.15 (Heuristic)
Given a transition system 𝒯, a heuristic for 𝒯 is a function ℎ∶ 𝑆 ×
𝐶(𝒯) → ℝ ∪ {−∞, ∞}.

Heuristics can be classified based on whether they fulfill certain
properties. Depending on the search algorithm, these properties can
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translate into theoretical guarantees of the search and the found solu-
tion. The important ones for this work are:

Definition 2.16 (Heuristic Properties)
Let 𝒯 be a transition system and ℎ a heuristic for 𝒯. ℎ is called:

• goal-aware if ℎ(𝑠, cost) ≤ 0 for all goal states 𝑠 ∈ 𝑆∗,

• admissible if ℎ(𝑠, cost) ≤ ℎ∗(𝑠, cost) for all states 𝑠 ∈ 𝑆 and all
cost functions cost ∈ 𝐶(𝒯),

• consistent if ℎ(𝑠, cost) ≤ cost(ℓ) + ℎ(𝑠′, cost) for all transitions
𝑠 ℓ−→ 𝑠′ ∈ 𝑇 and cost functions cost ∈ 𝐶(𝒯).

A consistent and goal-aware heuristic is admissible (Russell and
Norvig 2003), also under general cost functions (Seipp et al. 2020).
One of the strongest approaches to computing domain-independent
admissible heuristics is to use abstraction heuristics (Edelkamp 2001;
Helmert et al. 2007; Katz and Domshlak 2010; Seipp and Helmert
2018). Abstraction heuristics simplify a planning task by not distin-
guishing between certain states. This results in a coarser transition
system that over-approximates the original.

Definition 2.17 (Abstraction)
Let 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ be a transition system. Given a surjective ab-
straction function 𝛼∶ 𝑆 → 𝑆𝛼, the abstract transition system is 𝒯𝛼 =
⟨𝑆𝛼, 𝐿, 𝑇 𝛼, 𝛼(𝑠0), 𝑆𝛼

∗ ⟩. The abstract transitions are 𝑇 𝛼 = {𝛼(𝑠) ℓ−→
𝛼(𝑠′)|𝑠 ℓ−→ 𝑠′ ∈ 𝑇 } and the abstract goal states become 𝑆𝛼

∗ = {𝛼(𝑠)|𝑠 ∈
𝑆∗}.

Everything that is possible in the original task is also possible in the
abstract task. The perfect goal distance in an abstraction is therefore
an admissible heuristic for the original task. This means that every ab-
straction defines an admissible heuristic, as long as it is small enough
that its perfect goal distances can be computed.

Definition 2.18 (Abstraction Heuristic)
Let𝒯𝛼 be an abstract transition system for abstraction function 𝛼. The
abstraction heuristic is the abstract goal distance of𝒯𝛼: ℎ𝛼(𝑠, cost) =
ℎ∗

𝒯𝛼(𝛼(𝑠), cost).
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In practice, the abstract goal distances are precomputed when cre-
ating the abstraction and stored in a lookup table that represents the
heuristic function.

There exists a hierarchy of methods to compute abstraction heuris-
tics. They range from projections (Helmert et al. 2007), which are
the coarsest method, to domain abstractions (Kreft et al. 2023), Carte-
sian abstractions (Seipp andHelmert 2018), andmerge-and-shrink ab-
stractions (Helmert et al. 2007), which are the most flexible method.
In this thesis, we will make use of projections and Cartesian goal ab-
stractions.

Definition 2.19 (Projection)
Let 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ be a transition system induced by planning
task Π = ⟨𝒱, 𝒪, ℐ, 𝛾⟩, and let 𝑉 ⊆ 𝒱 be a subset of the variables of
Π. A projection is the equivalence relation ∼∈ 𝑆 × 𝑆, such that 𝑠 ∼
𝑠′ iff for all𝑣 ∈ 𝑉 , 𝑠(𝑣) = 𝑠′(𝑣). Its abstraction function 𝛼 ∶ 𝑆 → 𝑆𝛼

follows from the projection of ∼∶ 𝛼(𝑠) = [𝑠] for all 𝑠 ∈ 𝑆. Here [𝑠] is
the equivalence class of 𝑠 under ∼, so [𝑠] = {𝑠′ ∈ 𝑆 ∶ 𝑠 ∼ℋ 𝑠′}. The
number of equivalence classes, i.e., the number of abstract states, is
known as the size of the projection. A projection is also called a pattern
and a collection of patterns a pattern database (PDB).

We refer to Pommerening et al. (2013) and Pommerening et al.
(2021) for the systematic calculation of all interesting projections up
to a certain number of variables.

Definition 2.20 (Cartesian Set)
Let 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ be a transition system. A Cartesian set for 𝒯
is a set 𝐶 = 𝐴1 × ⋯ × 𝐴𝑛 where 𝐴𝑖 ⊆ dom(𝑣𝑖) for all 𝑣𝑖 ∈ 𝒱. A state
𝑠 ∈ 𝐶 iff 𝑠[𝑣𝑖] ∈ 𝐴𝑖 for all 1 ≤ 𝑖 ≤ 𝑛 and 𝑠 ∈ 𝑆.

Definition 2.21 (Cartesian Abstraction)
Let 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩ be a transition system. A Cartesian abstrac-
tion for 𝒯 is a partition 𝑃 = {𝐶1, … , 𝐶𝑘} of 𝑆 such that every 𝐶𝑗 is
Cartesian. It induces an abstraction function 𝛼(𝑠) = 𝐶𝑗 iff 𝑠 ∈ 𝐶𝑗.

We refer to Seipp andHelmert (2018) for the computation of Carte-
sian goal abstractions.
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2.4.2 Cost Partitioning

The perfect abstraction heuristic would be both informative and fast to
compute. However, these are conflicting goals. A fast and memory-
efficient abstraction heuristic can only accurately represent a small
subset of the state space dynamics if the planning problem is complex.
One way to overcome this dichotomy is to compute multiple abstrac-
tion heuristics that complement each other. Maximizing over multiple
different abstraction heuristics provides a more informative heuristic
than computing one large abstraction with the same resources (Holte
et al. 2006), so much research has been conducted on how to combine
heuristic ensembles informatively while guaranteeing admissibility.

Maximizing over the component heuristics is bounded by the
strength of the individual heuristics. In contrast, additive collections,
where it is possible to admissibly sum the heuristics, can combine the
strengths ofmultiple heuristics. They were first introduced in the form
of disjunctive pattern databases (Korf and Felner 2002; Edelkamp
2001; Haslum et al. 2007) and were then generalized to arbitrary
heuristics in the formof cost relaxation (Haslumet al. 2005). Themost
general method for creating additive heuristic collections is cost parti-
tioning (Katz and Domshlak 2008; Katz and Domshlak 2010; Yang et
al. 2008; Pommerening et al. 2015). With cost partitioning, any col-
lection of heuristics can be transformed into an additive collection by
adjusting the cost functions for the individual heuristics.

Definition 2.22 (Cost Partitioning)
Let 𝒯 be a transition system and cost a cost function for it. Given
a heuristic collection ℋ = ⟨ℎ1, … , ℎ𝑛⟩, a cost partition is a function
𝒞∶ ℋ → 𝐶(𝒯) such that the following condition, called the cost parti-
tioning condition, is fulfilled.

𝑛
∑
𝑖=1

𝒞(ℎ𝑖)(ℓ) ≤ cost(ℓ) for all ℓ ∈ 𝐿 (2.5)

The cost-partitioned heuristic is ℎ𝒞(𝑠) = ∑𝑛
𝑖=1 ℎ𝑖(𝑠, cost𝑖) where the

sum uses the rules of left-addition, so ∞ − ∞ = ∞. If all component
heuristics ℎ𝑖 ∈ ℋ are admissible then ℎ𝒞 is admissible.

Optimal cost partitioning is a linear programming-based heuristic
that computes the best possible cost partitioning.
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Definition 2.23 (Optimal Cost Partitioning)
Let 𝒯 be a transition system, cost a cost function for it, and ℋ =
⟨ℎ1, … , ℎ𝑛⟩ a heuristic ensemble over 𝒯. Let 𝒫 be the set of all
possible cost partitions over ℋ. Then the optimal cost partition-
ing heuristic ℎOCP(𝑠, cost) computes the best possible cost partition
max𝒞∈𝒫 ℎ𝒞(𝑠, cost).

We refer to Katz and Domshlak (2010) and Pommerening et al.
(2015) for a definition of the linear program and the proof of optimal-
ity.
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3 Saturated Post-Hoc Opti-
mization

The post-hoc optimization heuristic is an admissible heuristic for clas-
sical planning from the family of operator counting heuristics (Pom-
merening et al. 2014). Operator counting heuristics are defined as lin-
ear programs (LPs) that estimate the number of times each label will be
used in the goal path froma state. This is achieved byminimizing anLP
over the label-count variables subject to different kinds of constraints,
depending on the particular operator counting heuristic. The post-hoc
optimization heuristic uses constraints that ensure that the operator
count satisfies the heuristic value of a given abstraction heuristic.

The saturated variant (SPhO) additionally uses theminimum satu-
rated cost functions (defined below) of each heuristic in the constraints.
In theory this can be relaxed to a general saturated cost function to al-
low heuristics for which no unique minimum saturated cost function
exists. However, this work only considers abstraction heuristics as
component heuristics for SPhO, so the minimum saturated cost func-
tion yields the highest heuristic values. This tightens each constraint,
making the saturated version strictly stronger than the non-saturated
version in theory and practice (Seipp et al. 2021). We next define min-
imum saturated cost functions and the SPhO LP.
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Definition 3.1 (Minimum Saturated Cost Function)
The minimum saturated cost function mscf (Seipp et al. 2020) of an
(abstract) transition system𝒯with transitions 𝑇 and cost function cost
is defined as

mscf(ℓ) = sup

𝑎
ℓ−→𝑏∈𝑇

(ℎ∗
𝒯(𝑎, cost) ⊖ ℎ∗

𝒯(𝑏, cost)),

where 𝑥 ⊖ 𝑦 is defined by

𝑥 ⊖ 𝑦 =
⎧{
⎨{⎩

𝑥 − 𝑦, if 𝑥, 𝑦 ∈ ℝ,
−∞, if 𝑥 = −∞ or 𝑦 = ∞,
∞, if (𝑥 = ∞ and 𝑦 ≠ ∞) or (𝑦 = −∞ and 𝑥 ≠ −∞).

Definition 3.2 (Saturated Post-Hoc Optimization)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost for
𝒯, and a tuple of abstraction heuristics ℋ for 𝒯, the heuristic value
ℎSPhO(𝑠) for a state 𝑠 is the objective value of the SPhO LP:

min
𝑌

∑
ℓ∈𝐿rel

cost(ℓ) ⋅ 𝑌ℓ subject to

∑
ℓ∈𝐿rel

mscfℎ(ℓ) ⋅ 𝑌ℓ ≥ ℎ(𝑠) for all ℎ ∈ ℋ (3.1)

𝑌ℓ ≥ 0 for all ℓ ∈ 𝐿rel

where 𝐿rel = 𝐿 ∖ 𝐿−∞ and 𝐿−∞ is the set of labels ℓ ∈ 𝐿 for which
there exists a heuristic ℎ ∈ ℋ such thatmscfℎ(ℓ) = −∞.

The labels 𝐿−∞ can be excluded from the SPhO LP because they do
not affect the solution, and infinite values cannot be encoded directly
in a linear program (Seipp et al. 2021). ByℎSPhOwedenote the heuristic
that solves the SPhO LP for each evaluated state. We will also refer to
this heuristic as eager SPhO when emphasizing the difference to other
variants that will be introduced in the following sections.

The SPhOLP is strongly related to cost partitioning through its dual
LP (Pommerening et al. 2013; Seipp et al. 2021).

Definition 3.3 (SPhO Dual)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost for
𝒯, and a tuple of abstraction heuristics ℋ for 𝒯, the dual SPhO LP is
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defined as:

max
𝑤

∑
ℎ∈ℋ

ℎ(𝑠) ⋅ 𝑤ℎ subject to

∑
ℎ∈ℋ

mscfℎ(ℓ) ⋅ 𝑤ℎ ≤ cost(ℓ) for all ℓ ∈ 𝐿rel

𝑤ℎ ≥ 0 for all ℎ ∈ ℋ.

Intuitively, this dual LPmaximizes aweight𝑤ℎ for each abstraction
heuristic ℎ ∈ ℋ. In the resulting cost partition𝒞, each heuristic ℎ ∈ ℋ
is assigned the cost function costℎ, where costℎ(ℓ) = mscfℎ(ℓ) ⋅ 𝑤ℎ.
The value ℎSPhO(𝑠) can then be computed as ℎSPhO(𝑠) = ℎ𝒞(𝑠) =
∑ℎ∈ℋ 𝑤ℎ ⋅ ℎ(𝑠). We call such cost partitions, where each minimum
saturated cost function is scaled by its own factor, SPhO cost parti-
tions. The SPhO cost partition 𝒞 can also be extracted from the oper-
ator counting version by computing the shadow prices ̄𝑦𝑖, since these
are the coefficients of the dual LP. The SPhO cost partitioning heuristic
is then calculated as: ℎSPhO(𝑠) = ∑𝑛

𝑖=1 ̄𝑦𝑖ℎ𝑖(𝑠).
This perspective also explainswhy SPhO is an efficient non-optimal

cost partitioning strategy. Since the cost functions of each abstraction
heuristic are only scaled, the shortest path in each heuristic remains
the same, and the abstraction heuristic is also just scaled by the same
factor. This means that the abstract goal distance lookup tables only
need be computed once and remain valid for all states during search.
Dual feasibility corresponds to distributing each operator’s cost across
abstractions so that the per-operator shares sum to atmost the original
cost, i.e., a cost partition. We will exploit sensitivity analysis of the
minimization LP to determine when its optimal basis (and thus the
cost partitioning) can be reused without solving the LP again.
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4 Safe Cover Rules for SPhO
Optimization

When evaluating the SPhO heuristic, calling the linear program solver
for every state evaluation is the clear bottleneck, whereas evaluating
a fixed cost partition (i.e., computing ℎ𝒞(𝑠) by abstract goal distance
lookups) is very fast. The practical motivation of this work is therefore
to improve the efficiency of the SPhOheuristic by reducing the number
of linear program optimization calls.

To avoid solving the SPhO LP from Definition 3.2 for each evalu-
ated state, we define cover rules that decide whether an LP solution
can be reused for a different state. The goal is to find cover rules that
will only reuse LP solutions for states where they evaluate to the best
possible heuristic value.

Definition 4.1 (Cover rule)
Let 𝒯 be a transition system with states 𝑆. A cover rule for 𝒯 is a tu-
ple ⟨𝐼,Extract,Adapt⟩ where 𝐼 is the type of information that the rule
stores about known solutions (e.g., optimal basis vectors), Extract ∶
Sols × 𝑆 → 𝐼 is a function such that Extract(sol, 𝑠) is the information
stored based on solution sol of the SPhO LP for state 𝑠, and finally,
Adapt ∶ 𝐼 × 𝑆 → ℝ ∪ {−∞, ∞} is a partial function mapping ⟨info, 𝑠⟩
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Algorithm 1 Lazy saturated post-hoc optimization with a cover rule
⟨𝐼,Extract,Adapt⟩. For a given state 𝑠, check whether any previously
computed information covers 𝑠. If so, (possibly) adapt the information
to 𝑠 and return the adapted value. Otherwise, solve the SPhO LP for 𝑠
and store the relevant information.
1: Infos ← ∅
2: function LazySPhO(𝑠)
3: if there exists info ∈ Infos that covers 𝑠 then
4: return Adapt(info, 𝑠)
5: sol ← solve SPhO LP for 𝑠
6: Infos ← Infos ∪ {Extract(sol, 𝑠)}
7: return GetObjectiveValue(sol)

to a heuristic value for 𝑠 based on the stored information info. We say
that info ∈ 𝐼 covers state 𝑠 ∈ 𝑆 if Adapt is defined for (info, 𝑠).

To use the cover rules during an 𝐴* search, we introduce a variant
of the SPhO heuristic, called lazy SPhO, which is parameterized by a
cover rule and only solves LPs for states that are not covered by any
previously obtained LP solutions. Algorithm 1 shows it as pseudocode.

We say that a cover rule is safe if adapting a previously stored solu-
tion reproduces ℎSPhO without loss of optimality.

Definition 4.2 (Safe)
A cover rule ⟨𝐼,Extract,Adapt⟩ is safe if Adapt(Extract(sol, 𝑠), 𝑠′) =
ℎSPhO(𝑠′) for all states 𝑠, 𝑠′ and all solutions sol of the SPhO LP for state
𝑠 where Extract(sol, 𝑠) covers 𝑠′.

Proposition 4.1 Any lazy SPhO heuristic that uses a safe cover rule
is equivalent to SPhO.

Proof. For any state 𝑠′, if some stored information info covers 𝑠′, then
info = Extract(sol, 𝑠) for some state 𝑠 and one of its LP solutions sol.
The safety of the cover rule then shows Adapt(info, 𝑠′) = ℎSPhO(𝑠′).
Otherwise, if no stored solution covers 𝑠′, lazy SPhO computes and re-
turns ℎSPhO(𝑠′).

Note that lazy SPhO does not necessarily minimize the number of
LP solver calls required during search. Each stored solution covers a
subset of states, so finding the smallest set of solutions that together
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cover all states evaluated during the search corresponds to a set cover
problem. Lazy SPhO greedily approximates this set cover problem in
a way that can be performed online during the search. We discuss the
properties of this approximation in more detail in Section 4.5.

We now present four safe cover rules that can be used to test
whether an info covers a state 𝑠 ∈ 𝑆, as used in Algorithm 1. Each
subsequent rule is stronger than the previous one, allowing us to reuse
a solution for a larger set of states. We introduce the following partial
order between cover rules to state this formally.

Definition 4.3 (Cover Rule Generalization)
Let 𝑅1 = ⟨𝐼1,Extract1,Adapt1⟩ and 𝑅2 = ⟨𝐼2,Extract2,Adapt2⟩ be
two cover rules. We say that 𝑅2 generalizes 𝑅1 if the following hold
for all states 𝑠, 𝑠′ ∈ 𝑆: if Extract1(sol, 𝑠) covers 𝑠′ according to𝑅1 then
Extract2(sol, 𝑠) also covers 𝑠′ according to𝑅2, where sol is the SPhOLP
solution for 𝑠. We say that 𝑅2 strictly generalizes 𝑅1 if 𝑅2 generalizes
𝑅1 and there is at least one combination of 𝑠, 𝑠′ ∈ 𝑆, and sol where
Extract2(sol, 𝑠) covers 𝑠′ but Extract1(sol, 𝑠) does not.

4.1 Equal Abstract Goal Distances

One simple way to detect that an LP solution sol for 𝑠 covers a different
state 𝑠′ is by checking whether the two states induce the same SPhO LP
(Definition 3.2). When optimizing the SPhO LP for 𝑠 and 𝑠′, the only
LP parameters that change are the abstract goal distances. Thus, if the
two states have the same abstract goal distances, the resulting LPs will
be identical.

Cover Rule 1 (Eqdist Cover Rule)
Let𝒯 be a transition system andℋ = ⟨ℎ1, … , ℎ𝑛⟩ a tuple of𝑛 heuristics
for𝒯. Then eqdist is the cover rule ⟨ℝ𝑛

∞ ×ℝ∞,Extracteqdist,Adapteqdist⟩
with Extracteqdist(sol, 𝑠) = ⟨ℎ1(𝑠), … , ℎ𝑛(𝑠), ℎSPhO(𝑠)⟩. A value info =
⟨𝑑1, … , 𝑑𝑛, 𝑑⟩ covers a state 𝑠′ if and only if 𝑑𝑖 = ℎ𝑖(𝑠′) for all 1 ≤ 𝑖 ≤ 𝑛,
and in this case Adapteqdist(info, 𝑠′) = 𝑑.

By ℎSPhOeqdist we denote the lazy SPhO heuristic using Cover Rule 1.

Theorem 4.2 The cover rule eqdist is safe.
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4. Safe Cover Rules for SPhO Optimization

Proof. Consider states 𝑠, 𝑠′ and a solution sol of the SPhO LP for 𝑠
such that info = Extracteqdist(sol, 𝑠) covers 𝑠′. By definition, info =
⟨ℎ1(𝑠), … , ℎ𝑛(𝑠), ℎSPhO(𝑠)⟩ and since info covers 𝑠′, ℎ𝑖(𝑠) = ℎ𝑖(𝑠′) for
all 1 ≤ 𝑖 ≤ 𝑛. Therefore, the SPhO LPs for 𝑠 and 𝑠′ are identical and
Adapt(info, 𝑠′) = ℎSPhO(𝑠) = ℎSPhO(𝑠′).

We demonstrate Cover Rule 1 and the rules below with the exam-
ple in Figure 4.1. Intuitively, Cover Rule 1 avoids unnecessary LP com-
putations when the used abstractions cannot distinguish between two
states based solely on goal distances. States 𝑠2 and 𝑠4 in Figure 4.1 ex-
emplify this: both abstractions fail to distinguish them. Consequently,
ℎSPhOeqdist skips computing the LP for 𝑠4, because its abstract goal distances
(2 and 1) are the same as those for 𝑠2, which has already been evaluated.
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4.1. Equal Abstract Goal Distances

s1 s2 s3 s4 s5 s6

o2 o3 o3 o1 o1

(a) State Space

s1 s2, s3, s4 s5 s6

o2
o3 o1 o1

(b) Abstraction 𝐴

s3 s1, s2, s4 s5, s6

o3

o3

o1

o2

o1

(c) Abstraction 𝐵

min
𝑥

𝑥1 + 𝑥2 + 𝑥3

subject to 𝑥1 + 𝑥2 ≥ ℎ𝐴(𝑠)
𝑥1 + 𝑥3 ≥ ℎ𝐵(𝑠)

𝑥1, 𝑥2, 𝑥3 ≥ 0

(d) SPhOLP for the ex-
ample

ℎ𝐴 ℎ𝐵

𝑠1 3 1
𝑠2 2 1
𝑠3 2 2
𝑠4 2 1
𝑠5 1 0

(e) Heuristic values

cost mscf𝐴 mscf𝐵
𝑜1 1 1 1
𝑜2 1 1 0
𝑜3 1 0 1

(f) Cost functions

RHS

state abstraction L value U ℬ

𝑠1
ℎ𝐴 1 3 ∞ [1

2]ℎ𝐵 0 1 3

𝑠3
ℎ𝐴 2 2 ∞ [1

4]ℎ𝐵 −∞ 2 2

(g) Sensitivity information for selected states

Figure 4.1: Example task with two abstractions for showcasing cover
rule generalization. The number of computed cost partitions on this
task decreases with each stronger cover rule.
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4. Safe Cover Rules for SPhO Optimization

4.2 Sensitivity Analysis of the SPhO LP

The Cover Rule 1 presented above can never detect reuse for states with
a different heuristic value than the state the solution was computed for.
However, sensitivity analysis (Section 2.2) allows us to check whether
a basis of an LP solution computed for state 𝑠 remains optimal for a
new state 𝑠′. This can be directly transformed into a cover rule that
can detect unnecessary LP computations even if 𝑠 and 𝑠′ have differ-
ent SPhO heuristic values. Using the sensitivity analysis formula from
Proposition 2.3 we obtain another cover rule:

Cover Rule 2 (Range Cover Rule)
Let 𝒯 be a transition system and ℋ = ⟨ℎ1, … , ℎ𝑛⟩ a tuple of
heuristics for 𝒯. Then range is the cover rule ⟨ℝ𝑛

∞ × ℝ𝑛
∞ × ℝ𝑛

∞ ×
ℝ𝑛

∞ × ℝ∞,Extractrange,Adaptrange⟩. Here Extractrange(sol, 𝑠) =
⟨ℎ1(𝑠), … , ℎ𝑛(𝑠), 𝐿, 𝑈, ̄𝑦, ℎSPhO(𝑠)⟩, where 𝐿, 𝑈 are the sensitivity
bounds from Proposition 2.3. A value info = ⟨𝑑1, … , 𝑑𝑛, 𝐿, 𝑈, ̄𝑦, 𝑑⟩
covers state 𝑠′ ∈ 𝑆 if there exists at most one abstraction ℎ𝑖 ∈ ℋ with
ℎ𝑖(𝑠′) ≠ 𝑑𝑖 while ℎ𝑗(𝑠′) = 𝑑𝑗 for all other ℎ𝑗 ∈ ℋ ∖ {ℎ𝑖}, and the
changed value satisfies 𝐿𝑖 ≤ ℎ𝑖(𝑠′) ≤ 𝑈𝑖. If no value changes, then
Adaptrange(info, 𝑠′) = 𝑑, otherwise, the new objective value can be
computed as Adaptrange(info, 𝑠′) = 𝑑 + ̄𝑦𝑖(ℎ𝑖(𝑠′) − 𝑑𝑖).

By ℎSPhOrange we denote the lazy SPhO heuristic on the grouped SPhO
LP using Cover Rule 2.

Theorem 4.3 The cover rule range is safe.

Proof. Consider two states 𝑠, 𝑠′ ∈ 𝑆 and a solution sol for the SPhO LP
for 𝑠 such that info = Extractrange(sol, 𝑠) covers 𝑠′. Since info covers
𝑠′, Proposition 2.3 guarantees that sol is optimal for 𝑠′ and there is
only one abstraction heuristic ℎ𝑖 such that ℎ𝑗(𝑠) = ℎ𝑗(𝑠′) for all ℎ𝑗 ∈
ℋ ∖ ℎ𝑖. The new heuristic value of sol for 𝑠′ can be computed from the
dual objective ℎSPhO(𝑠′) = ∑𝑛

𝑗=1 ̄𝑦𝑗ℎ𝑗(𝑠′) = ℎSPhO(𝑠)+∑𝑛
𝑗=1 ̄𝑦𝑗(ℎ𝑗(𝑠′)−

ℎ𝑗(𝑠)). Since ℎ𝑗(𝑠′) = ℎ𝑗(𝑠) for all 𝑗 ≠ 𝑖, ℎSPhO(𝑠) + ∑𝑛
𝑗=1 ̄𝑦𝑗(ℎ𝑗(𝑠′) −

ℎ𝑗(𝑠)) = ℎSPhO(𝑠) + ̄𝑦𝑖(ℎ𝑖(𝑠′) − ℎ𝑖(𝑠)) = Adaptrange(info, 𝑠′).

Corollary 4.4 Cover Rule range generalizes eqdist.
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4.3. Sensitivity Analysis using the 100% Rule

Proof. Extracteqdist(sol, 𝑠) = ⟨ℎ1(𝑠), … , ℎ𝑛(𝑠), ℎSPhO(𝑠)⟩ covers all
states 𝑠′ where 𝑑𝑖 = ℎ𝑖(𝑠′) for all 1 ≤ 𝑖 ≤ 𝑛. Since in all these cases
there exists no abstraction ℎ𝑖(𝑠′) ≠ 𝑑𝑖, all heuristics ℎ𝑖 will satisfy 𝐿𝑖 ≤
ℎ𝑖(𝑠′) ≤ 𝑈𝑖, so Extractrange will cover all states that Extracteqdist(sol, 𝑠)
does.

The running example in Figure 4.1 shows a situation where Cover
Rule 2 leads to fewer solved LPs than cover rule eqdist by using infor-
mation from sensitivity analysis. Wewrite info

𝑠𝑥
range for the information

stored by the range cover rule in state 𝑠𝑥. During the search, ℎSPhOrangewill
compute the LP for 𝑠1 and store info

𝑠1
range from the information shown

in the 𝑠1 column of Figure 4.1g. Since only the abstract goal distance
for ℎ𝐵 changes from 𝑠1 to 𝑠2 and its new value of 2 is within the lower
bound𝐿 of the sensitivity analysis for 𝑠1, info

𝑠1
range covers 𝑠2. In state 𝑠3,

both abstractions yield a different heuristic value than in 𝑠1, so info
𝑠1
range

does not cover 𝑠3 and the algorithm computes info
𝑠3
range. info

𝑠3
range then

covers 𝑠4 since the change in ℎ𝐵 is within the lower bound. Finally,
none of the stored information covers 𝑠5, since its distance tuple does
not share a heuristic value with any other state.

Corollary 4.5 Cover Rule range strictly generalizes eqdist.

Proof. Since Corollary 4.4 shows generalization, the state pair 𝑠1 and
𝑠2 of the running example proves it is strict.

4.3 Sensitivity Analysis using the 100% Rule

For the third cover rule, we consider the 100% rule from Proposi-
tion 2.4, which yields a generalization of Cover Rule 2.

Cover Rule 3 (100% Cover Rule)
Let 𝒯 be a transition system and ℋ = ⟨ℎ1, … , ℎ𝑛⟩ a tuple of
heuristics for 𝒯. Then 100% is the cover rule ⟨ℝ𝑛

∞ × ℝ𝑛
∞ × ℝ𝑛

∞ ×
ℝ𝑛

∞ × ℝ∞,Extract100%,Adapt100%⟩. Here Extract100%(sol, 𝑠) =
⟨ℎ1(𝑠), … , ℎ𝑛(𝑠), 𝐿, 𝑈, ̄𝑦, ℎSPhO(𝑠)⟩, where 𝐿, 𝑈 are the sensitivity
bounds from Proposition 2.4. A value info = ⟨𝑑1, … , 𝑑𝑛, 𝐿, 𝑈, ̄𝑦, 𝑑⟩
covers state 𝑠′ ∈ 𝑆 if ∑𝑛

𝑖=1 𝜆𝑖 ≤ 1, where 𝜆𝑖 = ℎ𝑖(𝑠′)−𝑑𝑖
Δ𝑑∗

𝑖
and

Δ𝑑∗
𝑖 = {𝑈𝑖 − 𝑑𝑖 if ℎ𝑖(𝑠′) − 𝑑𝑖 ≥ 0.

𝐿𝑖 − 𝑑𝑖 otherwise.
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4. Safe Cover Rules for SPhO Optimization

Division by±∞ is defined as zero in this case. The new objective value
can be computed as Adapt100%(info, 𝑠′) = 𝑑 + ∑𝑛

𝑖=1 ̄𝑦𝑖(ℎ𝑖(𝑠′) − 𝑑𝑖).
By ℎSPhO100% we denote the lazy SPhO heuristic on the grouped SPhO

LP using Cover Rule 3.

Theorem 4.6 The cover rule 100% is safe.

Proof. Consider two states 𝑠, 𝑠′ ∈ 𝑆 and a solution sol for the SPhO
LP for 𝑠 such that info = Extract100%(sol, 𝑠) covers 𝑠′. Since info cov-
ers 𝑠′, Proposition 2.4 guarantees that sol is optimal for 𝑠′. The new
heuristic value of sol for 𝑠′ can be computed from the dual objective
ℎSPhO(𝑠′) = ∑𝑛

𝑗=1 ̄𝑦𝑗ℎ𝑗(𝑠′) = ℎSPhO(𝑠) + ∑𝑛
𝑗=1 ̄𝑦𝑗(ℎ𝑗(𝑠′) − ℎ𝑗(𝑠)) =

Adapt100%(info, 𝑠′).

Corollary 4.7 Cover Rule 100% generalizes range.

Proof. If the cover rule Extractrange(sol, 𝑠) = ⟨ℎ1(𝑠), … , ℎ𝑛(𝑠),
𝐿, 𝑈, ̄𝑦, ℎSPhO(𝑠)⟩ covers state 𝑠′, there exists at most one abstraction
ℎ𝑖 ∈ ℋ with ℎ𝑖(𝑠′) ≠ 𝑑𝑖 while ℎ𝑗(𝑠′) = 𝑑𝑗 for all other ℎ𝑗 ∈ ℋ ∖ {ℎ𝑖}.
Therefore, all 𝜆𝑗 = 0 for all 𝑗 ≠ 𝑖. Further, 𝐿𝑖 ≤ ℎ𝑖(𝑠′) ≤ 𝑈𝑖, therefore

𝐿𝑖 −𝑑𝑖 ≤ ℎ𝑖(𝑠′)−𝑑𝑖 ≤ 𝑈𝑖 −𝑑𝑖. It follows that if ℎ𝑖(𝑠′) ≥ 𝑑𝑖,
ℎ𝑖(𝑠′)−𝑑𝑖

𝑈𝑖−𝑑𝑖
≤ 1,

otherwise ℎ𝑖(𝑠′)−𝑑𝑖
𝐿𝑖−𝑑𝑖

≤ 1, so ∑𝑛
𝑘=1 𝜆𝑘 ≤ 1.

As an example, we again consider the task from Figure 4.1 and
the sensitivity information for state 𝑠1. Since 100% generalizes range
info

𝑠1
100% covers 𝑠2 and 𝑠4. In contrast to Cover Rule 2, info

𝑠1
100% cov-

ers 𝑠3, since both changes lie within their bounds and
2−3
1−3 + 2−1

3−1 ≤ 1.
Finally, info

𝑠1
100% does not cover 𝑠5 since

1−3
1−3 + 0−1

0−1 ≰ 1.

Corollary 4.8 Cover Rule 100% strictly generalizes range.

Proof. Since Corollary 4.7 shows generalization, the state pair 𝑠1 and
𝑠3 of the running example proves it is strict.

4.4 Exact Sensitivity Analysis

The previously presented cover rules are approximations of the
reusability of a linear program basis. Our final rule checks exact
reusability of a basis under changes in the constraint bounds. It is
therefore the strongest cover rule that can be derived from looking
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4.4. Exact Sensitivity Analysis

at the solution basis of the SPhO LP. A basis remains optimal under
changes in its constraint bounds Δ𝑏 if and only if all basic variables
remain positive: 𝑥ℬ ≥ 0 (see Equation 2.2 and Section 2.2.2).

Cover Rule 4 (Exact Cover Rule)
Let 𝒯 be a transition system and ℋ = ⟨ℎ1, … , ℎ𝑛⟩ a tuple
of heuristics for 𝒯. Then exact is the cover rule ⟨ℝ𝑛×𝑛

∞ ×
ℝ𝑛

∞ × ℝ∞,Extractexact,Adaptexact⟩. Here Extractexact(sol, 𝑠) =
⟨𝐵−1, ̄𝑦, ℎSPhO(𝑠)⟩, where 𝐵−1 is the inverse basis matrix of the LP
solution sol. A value info = ⟨𝐵−1, ̄𝑦, 𝑑⟩ covers state 𝑠′ ∈ 𝑆 if

𝐵−1[ ℎ1(𝑠′)
…

ℎ𝑛(𝑠′)
] ≥ 0. The new objective value can be computed as

Adaptexact(info, 𝑠′) = ∑𝑛
𝑖=1 ̄𝑦𝑖ℎ𝑖(𝑠′).

ByℎSPhOexact wedenote the lazy SPhOheuristic on the groupedSPhOLP
usingCoverRule 4. We call this approach the exact sensitivity analysis
for theℎSPhO heuristic, since it allows us to computeℎSPhOwhile reusing
a previous basis for exactly those states 𝑠 where this is possible.

Theorem 4.9 The cover rule exact is safe.

Proof. Consider two states 𝑠, 𝑠′ ∈ 𝑆 and a solution sol for the SPhO LP
for 𝑠 such that info = Extractexact(sol, 𝑠) covers 𝑠′. Since info covers 𝑠′,
the feasibility condition (Equation 2.2) guarantees that sol is optimal
for 𝑠′. The new heuristic value of sol for 𝑠′ can be computed from the
dual objective ℎSPhO(𝑠′) = ∑𝑛

𝑗=1 ̄𝑦𝑗ℎ𝑗(𝑠′) = Adaptexact(info, 𝑠′).

Corollary 4.10 Cover Rule exact generalizes 100%.

Proof. See Bradley et al. (1977), Section 3.7, for a proof that the 100%
cover rule only covers states 𝑠′ where 𝑥ℬ + Δ𝑥ℬ ≥ 0.

In our running example, it is only necessary to look at the state pair
𝑠1 and 𝑠5, since generalization already shows that info

𝑠1
exact will cover

all other states. The basis ℬ for 𝑠1 is [ 1
2 ], 𝐵 = [ 1 1

1 0 ] and 𝐵−1 = [ 0 1
1 −1 ],

therefore exact checks that for 𝑠5 [ 0 1
1 −1 ][ 1

0 ] ≥ 0, which holds, so info𝑠1
exact

covers also 𝑠5.

Corollary 4.11 Cover Rule exact strictly generalizes 100%.

Proof. Since Corollary 4.10 shows generalization, the state pair 𝑠1 and
𝑠5 of the running example proves it is strict.
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4. Safe Cover Rules for SPhO Optimization

4.5 Global Behavior of Greedy Cover Rules

Formally, minimizing the number of LP solver calls can be viewed as
a set cover problem. Each LP solution corresponds to a set contain-
ing all states for which that solution yields the optimal SPhO heuristic
value. Since LP solutions can cover multiple states and multiple LP so-
lutions may cover the same state, computing the minimum number of
required SPhO LPs constitutes a non-trivial set cover instance. More
precisely, because the planner evaluates states sequentially, our prob-
lem corresponds to the online version of set cover (Alon et al. 2003).

An important consequence of the approximative nature of our algo-
rithm is that a locally stronger cover rule does not necessarily lead to
a globally better solution. In other words, even a strictly more general
cover rule can cause lazy SPhO to compute more LP solutions. Fig-
ure 4.2 shows such a situation with the range and 100% cover rules.
Evaluating the states in numerical order leads range to compute an LP
for state 𝑠1 and 𝑠2, since both ℎ𝐴 and ℎ𝐵 change their heuristic values.
info

𝑠1
range then covers 𝑠3 and 𝑠4 since only one abstraction changes their

heuristic value and both lie inside their respective sensitivity ranges.
𝑠5 is not covered by info

𝑠2
range again since two abstract goal distances

change. This means that cover rule range solves three linear programs
in this example.

Cover Rule 100% in contrast does not compute an LP for state 𝑠2
since info

𝑠1
100% covers 𝑠2. This is the case because the change in ℎ𝐴 is

inside the sensitivity bound and the lower bound for ℎ𝐵 is −∞, so it
does not contribute to the 𝜆 bound. info

𝑠1
100% does not cover 𝑠3 and

𝑠4, even though all changes are inside the sensitivity bounds, since the
change in ℎ𝐴 already produces a 𝜆 of one and both ℎ𝐶 and ℎ𝐷 do not
change toward an infinite bound. Additionally, info

𝑠3
100% does not cover

𝑠4 as well since the change in ℎ𝐶 is outside its bound. Finally, none of
the previously computed solutions cover 𝑠5, since ℎ𝐶(𝑠5) = 0 is never
inside the sensitivity bounds. This means that cover rule 100% com-
putes four LP solutions, which is one more than range, even though
100% strictly generalizes range.
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4.5. Global Behavior of Greedy Cover Rules

s1 s2

s3

s4 s5 s6

o1

o2o2

o3 o3 o1

(a) State Space

s1 s2, s3, s4, s5

s6

o1

o1

(b) Abstraction A

s1

s2, s3, s4, s5, s6
o1

(c) Abstraction B

s1, s2, s3 s4 s5, s6

o3 o3

(d) Abstraction C

s1, s2, s4

s3

s5, s6
o2o2

o3

(e) Abstraction D

ℎ𝐴 ℎ𝐵 ℎ𝐶 ℎ𝐷

𝑠1 2 1 2 1
𝑠2 1 0 2 1
𝑠3 1 0 2 2
𝑠4 1 0 1 1
𝑠5 1 0 0 0

(f) Heuristic values

min
𝑥

𝑥1 + 𝑥2 + 𝑥3

subject to 𝑥1 ≥ ℎ𝐴(𝑠)
𝑥1 ≥ ℎ𝐵(𝑠)
𝑥3 ≥ ℎ𝐶(𝑠)

𝑥2 + 𝑥3 ≥ ℎ𝐷(𝑠)
𝑥1, 𝑥2, 𝑥3 ≥ 0

(g) SPhO LP for the example

Figure 4.2: An adversarial example where a strictly more general cover
rule leads to more LP computations. Computing lazy SPhO for the nu-
merical evaluation order leads to three solved LPs with the range cover
rule, but four with the 100% cover rule. The Figure continues on the
next page.
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4. Safe Cover Rules for SPhO Optimization

RHS

state abstraction L value U

𝑠1

ℎ𝐴 1 2 ∞
ℎ𝐵 −∞ 1 2
ℎ𝐶 1 2 ∞
ℎ𝐷 −∞ 1 2

𝑠2

ℎ𝐴 0 1 ∞
ℎ𝐵 −∞ 0 1
ℎ𝐶 1 2 ∞
ℎ𝐷 −∞ 1 2

𝑠3

ℎ𝐴 0 1 ∞
ℎ𝐵 −∞ 0 1
ℎ𝐶 2 2 ∞
ℎ𝐷 −∞ 2 2

𝑠4

ℎ𝐴 0 1 ∞
ℎ𝐵 −∞ 0 1
ℎ𝐶 1 1 ∞
ℎ𝐷 −∞ 1 1

(h) Sensitivity information for selected states

cost mscf𝐴 mscf𝐵 mscf𝐶 mscf𝐷
𝑜1 1 1 1 0 0
𝑜2 1 0 0 0 1
𝑜3 1 0 0 1 1

(i) Cost functions

Continuation of Figure 4.2
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4.6. Cover Rule Experiments

4.6 Cover Rule Experiments

We empirically test the main theoretical claims: (i) The dominance re-
lation among our cover rules: Each stronger rule should use fewer so-
lutions than a weaker one in most cases. (ii) The safety of our cover
rules: Each run of lazy SPhO should expand exactly the same states as
standard SPhO. We first show the safety of our cover rules, then ana-
lyze the number of solved LPs required by the different SPhO heuristic
variants, before turning to the performance in terms of solved prob-
lems and runtime.

4.6.1 Evaluations and Expansions

To verify that our lazy SPhO algorithm is not only in theory equivalent
to eager SPhO, we compare the number of evaluations and expansions
over our benchmark problems. We find that they are the same over
all versions as shown in Table 4.1, showing that our implementation
correctly captures the theoretical equivalence.

evaluations (mean) expansions (mean)

ℎSPhO 1466917.02 831233.62

ℎSPhOeqdist 1466917.02 831233.62

ℎSPhOrange 1466917.02 831233.62

ℎSPhO100% 1466917.02 831233.62

ℎSPhOexact 1466917.02 831233.62

Table 4.1: Mean of the state evaluations and expansions of the SPhO
heuristic and our lazy variants. It demonstrates that our implementa-
tions compute the same heuristics as ℎSPhO.

4.6.2 Number of Solved LPs

Figures 4.3 to 4.6 shows a comparison of the number of LP computa-
tions needed by the new lazy SPhO heuristic variants in comparison to
the eager SPhO heuristic from the literature. Overall, we typically ob-
serve reductions of several orders of magnitude in the number of LPs
to solve, while preserving heuristic accuracy. However, the effect size
varies by domain and task. Although the successive generalization of
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4. Safe Cover Rules for SPhO Optimization
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Figure 4.3: A comparison of the number of solved LPs between the ea-
ger SPhO heuristic ℎSPhO and lazy SPhO with all presented cover rules
on a logarithmic scale. Each point represents a comparison of two
SPhO configurations on one planning task. Points below the diagonal
indicate that the algorithm on the y-axis solves fewer LPs than the al-
gorithm on the x-axis. Tasks that are not solved within the resource
limits appear at “uns.” on the axes.

our cover rules is not guaranteed to result in strictly fewer solved LPs,
there is a significant difference between all our cover rules. There is
only one task where we observe that ℎSPhO100% solves more LPs than ℎSPhOrange.
In all other tasks and comparisons, the generalization translates to
fewer LP solver calls. The comparison between the cover rules shows
that the difference between ℎSPhO and ℎSPhOeqdist is the biggest, and that

ℎSPhOexact is again a big step up from ℎSPhO100%.
Figure 4.7 shows the geometricmean of the required LP solver calls

for all SPhO heuristic variants on all considered IPC benchmark do-
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Figure 4.4: A comparison of the number of solved LPs between lazy
SPhO with the tuple cover rule against all other presented cover rules.
The plots work the same as in Figure 4.3.

mains and the Mystery and VisitAll-14 domains. Note that the fig-
ure only considers tasks solved by all variants. Our new approaches,
which skip unneeded LP computations, reduce the average number of
solved LPs by orders of magnitude compared to the eager ℎSPhO ap-
proach (with variability across domains). However, the effectiveness
of the presented cover rules, i.e., the number of LP computations we
can avoid, depends on the planning domain. In the Mystery domain,
we reduce the number of solved LPs by about three orders of magni-
tude. In the VisitAll-14 domain, however, all cover rules besides ℎSPhO100%

and ℎSPhOexact make no difference and only ℎSPhOexact is able to significantly re-
duce the number of solved LPs.
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Figure 4.5: A comparison of the number of solved LPs between lazy
SPhO with the range cover rule against the stronger presented cover
rules. The plots work the same as in Figure 4.3.

100 101 102 103 104 105 106 107
100

101

102

103

104

105

106

107

uns.

uns.

hSPhO
100%

h
SP

hO
ex

ac
t

solved LPs

Figure 4.6: A comparison of the number of solved LPs between lazy
SPhO with the percent cover rule against the exact cover rule. The
plots work the same as in Figure 4.3.

4.6.3 Coverage and Runtime

A natural question is whether the observed reduction in the number of
LP solver calls to compute the SPhOheuristic is reflected in the number
of solved tasks, i.e., the planner coverage, and the planner runtime.

Table 4.2 shows the total number of solved planning tasks using the
different SPhO variants. We see that all our new lazy approaches solve
manymore problems than eager ℎSPhO due to the lower number of LPs
solved. However, we also see that the heuristic with the lowest number
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Figure 4.7: Comparison of the number of solved LPs (geometric mean)
for eager ℎSPhO and our lazy variants on a logarithmic scale over all
domains and the Mystery and VisitAll-14 domains.

ℎSPhO ℎSPhOeqdist ℎSPhOrange ℎSPhO100% ℎSPhOexact

865 975 881 901 892

Table 4.2: Number of solved tasks (out of 1884) of ℎSPhO and our new
lazy variants.

of LP computations, ℎSPhOexact , does not solve the highest number of tasks.
The reason for this is that the complexity of evaluating applicability
of the different cover rules for a state varies greatly. Evaluating the
ℎSPhOeqdist heuristic requires constant overhead, regardless of howmany LP
solutions are stored, while the other cover rules need to loop over all
stored cost partitions. This leads to ℎSPhOeqdist having the highest coverage
score among the online variants, even though it computes more LPs
than all other cover rules.

The same is reflected in the runtime comparison in Figure 4.8. Only
the simple cover rules show a clear advantage over SPhO. While the
more expensive cover rules still pay off for most problems, but espe-
cially for problems where SPhO takes a long time, they can perform
worse than eager SPhO. This shows that when these cover rules have
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Figure 4.8: Runtime comparison between the eager SPhO heuristic
ℎSPhO and our lazy variants on a logarithmic scale. Problems that are
not solved within the resource limits appear on the “uns.” axes.

to evaluate many states and cost partitions the complexity of the eval-
uation can be a disadvantage.

52



5 Transforming the SPhO LP
for Solution Reusability

In the previous chapter, we looked intowhenwe can reuse the SPhOLP
solutions and how to compute this reusability. We now look into refor-
mulations of the SPhO LP that improve the effectiveness of sensitivity
analysis and therefore improve the solution reusability.

5.1 The Effect of Degeneracy and
Non-Uniqueness in SPhO

Until now, we looked at the reusability of LP solutions, but from a
planning perspective we are actually interested in the reusability of a
cost partition, since this results in the lowest number of LP solver calls.
Problematically, our cover rules evaluate when a previously computed
LP solution canbe reused, not a cost partition. For non-degenerate and
unique LP solutions this poses no problem, because under these condi-
tions there is a one-to-one correspondence between LP solutions and
cost partitions. Degeneracy and non-uniqueness, though, break this
one-to-one correspondence, as shown in Section 2.3. Since our cover
rules only compute the reusability of the LP basis, under degeneracy
and non-uniqueness they are not guaranteed to compute the reusabil-
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5. Transforming the SPhO LP for Solution Reusability

ity of a cost partition. This creates a mismatch that weakens all cover
rules from the planning perspective.

As an example, consider three states: 𝑠0, 𝑠1, and 𝑠2. Further, as-
sume that the SPhO LP for state 𝑠0 has two optimal bases, ℬ1 and
ℬ2, and performing sensitivity analysis using basis ℬ𝑖 allows us to ef-
ficiently compute the heuristic value for state 𝑠𝑖. This is visualized in
Figure 5.1. Usually, LP solvers only provide one of these optimal bases
at a time. So regardless of which basis (ℬ1 orℬ2) the solver returns, an
additional LP computation becomes necessary to derive the heuristic
values for both states 𝑠1 and 𝑠2.

𝑠0

𝑠1 𝑠2

coverage ℬ1 coverage ℬ2 coverage 𝒞

Figure 5.1: Diagram showing the potential mismatch between LP basis
reusability and cost partition reusability if there exist multiple bases
for the same cost partition 𝒞. If two optimal bases for 𝑠0 exist, it can
be that they both only cover a subset of the states that 𝒞 covers.

Additionally, non-uniqueness makes it important to reason about
the alternative LP solutions of a state. So far, the topic of alternative
optimal solutions for LP-based heuristics has not been discussed in
the planning literature, because it is irrelevant when optimizing the LP
for every state. However, when reusing LP solutions between different
states, alternative solutions are of high interest, as their reusability can
vary strongly. With the definitions of degeneracy and uniqueness, we
formulate the relationship between sensitivity analysis and cost parti-
tioning more precisely.

Theorem 5.1 If an optimal LP solution sol for the SPhO LP for state
𝑠 is non-degenerate and unique and computes the cost partition 𝒞,
exact sensitivity analysis covers all states 𝑠′ where𝒞 remains optimal.
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Figure 5.2: Average percentage of degenerate and non-unique solu-
tions for the SPhO heuristic over different PDB sets. Sys-x are all sys-
tematic patterns (Pommerening et al. 2013; Pommerening et al. 2021)
of size x, so sys-2 are only systematic patterns of size 2 and sys-1-2 is
the combination of both patterns of size 1 and 2.

Proof. Since sol is non-degenerate and unique, there are no other so-
lutions for the SPhO LP for state 𝑠. Therefore, there are also no other
cost partitions besides 𝒞 for 𝑠 that yield ℎSPhO(𝑠). As a consequence,
sol is reusable for exactly those states 𝑠′ for which 𝒞 is optimal.

We analyze the occurrence of degeneracy and uniqueness in SPhO
LP solutions in Figure 5.2. It shows that the LPs computed for ℎSPhO
over different sets of pattern database heuristics have many alterna-
tive solutions. We tested both systematic patterns of size 1, 2, and
combined, in contrast to just generating patterns up to a given size sys-
tematically. We wanted to investigate how subsets of patterns being
present would affect degeneracy and non-uniqueness, since there is a
high chance that patterns of size 1 are redundant when patterns of size
2 are used.

Surprisingly, the bar plot in Figure 5.2 shows that removing pat-
terns of size 1 from the collection decreases the average number of de-
generate solutions only very slightly. This means that the additional
smaller patterns are not an important reason for the high number of
alternative solutions. Considering only size-1 patterns has much fewer
degenerate solutions than the other two variants and even gives rise to
some non-degenerate unique solutions. Since patterns of size 1 don’t
share any variables with other patterns a lower number of degenerate
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5. Transforming the SPhO LP for Solution Reusability

and non-unique solutions is expected, but it is still very high. These so-
lutions suggest that there is a high amount of redundant information in
the SPhO LP. We will therefore now show techniques that will remove
redundancies from the LP.

5.2 Grouping Rows and Columns of the
SPhO LP

Since degenerate and non-unique LP bases harm the performance of
our cover rules, it is beneficial to reduce their occurrences. So, if we can
reformulate the LP in a way that does not alter the computed heuristic
value and at the same time reduces thenumber of optimal bases, ideally
resulting in a single optimal basis (non-degeneracy and uniqueness), it
becomes more likely that we can avoid the need for such additional LP
computations. We are therefore interested in reformulating the SPhO
LP to reduce the number of optimal bases by reducing degeneracy or
non-uniqueness.

Although guaranteeing that all bases of a linear program are non-
degenerate and unique is a very challenging problem (Matoušek and
Škovroň 2007), simply reducing degeneracy and non-uniqueness in
linear programs is easier. We reiterate that duplicate columns can
lead to degenerate solutions and duplicate rows can lead to non-unique
solutions (Sierksma and Zwols 2015), so removing redundancies will
reduce the occurrences of degenerate and non-unique bases. Any re-
moved constraint or variable reduces the number of bases of the LP. If
the removed basis was part of an optimal solution, this reduction will
improve the sensitivity analysis by at least reducing the pool of bases
with slightly wrong bounds or even improving the bounds of the new
bases. Additionally, removing redundancies from an LP will result in
a smaller program that is usually faster to solve.

For the SPhO heuristic, duplicate rows (abstractions with identi-
cal minimum saturated cost functions) create redundant constraints
and thus can increase degeneracy, while duplicate columns (labelswith
identical minimum saturated costs under all abstractions) can lead
to non-unique optima. Grouping abstractions and labels by identical
effect in the LP eliminates duplicates without changing the objective
value, reducing the number of optimal bases and typically improving
reuse via more stable sensitivity ranges.
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5.2. Grouping Rows and Columns of the SPhO LP

Pommerening et al. (2013) proposed to group duplicate labels to-
gether. We argue that the same is possible for abstractions, identify a
stronger label grouping and argue that even stronger redundancy re-
duction methods are possible.

For abstractions the two important quantities for the SPhO LP are
theminimum saturated cost function and the heuristic estimate for the
current state. Since the heuristic estimate changes for every state we
treat it as an unknown variable and only look at the minimum satu-
rated costs. All abstractions with the same minimum saturated costs
will produce the same constraint, but with possibly different bounds.
We combine all equivalent constraints and argue that maximizing over
the abstractions always keeps the tightest bound.

Definition 5.1 (Abstraction-Grouped SPhO LP)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost
for 𝒯, a tuple of abstraction heuristics ℋ for 𝒯 and the equivalence
relation:

ℎ ∼ℋ ℎ′ ↔ ∀ℓ ∈ 𝐿rel ∶ mscfℎ(ℓ) = mscfℎ′(ℓ)

the abstraction-grouped SPhO LP is:

min
𝑌

∑
ℓ∈𝐿rel

cost(ℓ) ⋅ 𝑌ℓ subject to

∑
ℓ∈𝐿rel

mscf[ℎ](ℓ) ⋅ 𝑌ℓ ≥ max
ℎ′∈[ℎ]

ℎ′(𝑠) for all [ℎ] ∈ ℋ/ ∼ℋ

𝑌ℓ ≥ 0 for all ℓ ∈ 𝐿rel

where [ℎ] is the equivalence class of ℎ under the equivalence relation
∼ℋ: [ℎ] = {ℎ′ ∈ ℋ ∶ ℎ ∼ℋ ℎ′} andmscf[ℎ] ≔ mscfℎ(ℓ) for any ℎ ∈ [ℎ].

We will now show that this grouping does not change the heuristic
value by showing that the SPhO LP and the abstraction-grouped SPhO
LP encode the same heuristic. The proof is straightforward since we
only exclude redundant constraints, so the feasible region of the LP
stays the same.

Theorem 5.2 Let ℎSPhO
h-grouped be the heuristic that solves the

abstraction-grouped SPhO LP for every state. Then ℎSPhO = ℎSPhO
h-grouped.

Proof. Since both LPs have the same objective functions, it suffices
to show that their feasible regions are equivalent. Let 𝐹 be the feasi-
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ble region of the original SPhO LP, and 𝐺 be the feasible region of the
abstraction-grouped SPhO LP. First, we show 𝐹 ⊆ 𝐺. Let 𝑌 be a fea-
sible assignment to the original SPhO LP. Consider any equivalence
class [ℎ] ∈ ℋ/ ∼ℋ. For every ℎ′ ∈ [ℎ], feasibility of 𝑌 in the original
LP implies:

∑
ℓ∈𝐿rel

mscfℎ′(ℓ) ⋅ 𝑌ℓ ≥ ℎ′(𝑠).

By definition of ∼ℋ, we have mscfℎ′(ℓ) = mscfℎ(ℓ) for all ℎ, ℎ′ ∈ [ℎ],
so all inequalities above share the same left-hand side.

∑
ℓ∈𝐿rel

mscf[ℎ](ℓ) ⋅ 𝑌ℓ ≥ ℎ′(𝑠) for all ℎ′ ∈ [ℎ]

Therefore the h-grouped constraint

∑
ℓ∈𝐿rel

mscf[ℎ](ℓ) ⋅ 𝑌ℓ ≥ max
ℎ′∈[ℎ]

ℎ′(𝑠)

is fulfilled for any choice of [ℎ] and 𝑌 is feasible in the abstraction-
grouped LP. Second, we show 𝐺 ⊆ 𝐹 . Let 𝑌 ′ be feasible in the
abstraction-grouped LP, then any heuristic ℎ′ ∈ ℋ with equivalence
class [ℎ′] ∈ ℋ/ ∼ℋ fulfills

∑
ℓ∈𝐿rel

mscf[ℎ′](ℓ) ⋅ 𝑌 ′
ℓ ≥ max

ℎ∈[ℎ′]
ℎ(𝑠).

Sincemaxℎ∈[ℎ′] ℎ(𝑠) ≥ ℎ′(𝑠), it follows that 𝑌 ′ is feasible in the original
LP. In combination, it follows that 𝐹 = 𝐺.

Abstraction-grouping on the dual SPhO LP (Definition 3.3), gives
a label-grouping strategy for the primal LP that is more general than
what was proposed by Pommerening et al. (2013). Grouping abstrac-
tions the same way in this dual LP removes columns in the primal that
have the same body and groups them based on their coefficients.

Definition 5.2 (Label-Grouped SPhO LP)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost
for 𝒯, a tuple of abstraction heuristics ℋ for 𝒯 and the equivalence
relation:

ℓ ∼𝐿 ℓ′ ⇔ ∀ℎ ∈ ℋ ∶ mscfℎ(ℓ) = mscfℎ(ℓ′)
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the label-grouped SPhO LP is:

min
𝑌

∑
[ℓ]∈𝐿rel/∼𝐿

min
ℓ′∈[ℓ]

cost(ℓ′) ⋅ 𝑌ℓ subject to

∑
[ℓ]∈𝐿rel/∼𝐿

mscfℎ(ℓ) ⋅ 𝑌ℓ ≥ ℎ(𝑠) for all ℎ ∈ ℋ

𝑌ℓ ≥ 0 for all [ℓ] ∈ 𝐿rel/ ∼𝐿

As before this grouping does not change the heuristic.

Theorem 5.3 Let ℎSPhO
ℓ-grouped be the heuristic that solves the label-

grouped SPhO LP for every state. Then ℎSPhO = ℎSPhO
ℓ-grouped.

Proof. The dual label-grouped SPhO LP has the form:

max
𝑤

∑
ℎ∈ℋ

ℎ(𝑠) ⋅ 𝑤ℎ subject to

∑
ℎ∈ℋ

mscfℎ(ℓ) ⋅ 𝑤ℎ ≤ min
ℓ′∈[ℓ]

cost(ℓ′) for all [ℓ] ∈ 𝐿rel/ ∼𝐿

𝑤ℎ ≥ 0 for all ℎ ∈ ℋ
The proof on this dual LP follows directly from the proof for Theo-
rem 5.2, since the flip of the inequality is accounted for by the change
to minimization.

Since both LP reductions work on the different dimensions of the
LPmatrix it is possible to combine themwithout losing the equivalence
guarantee.

Definition 5.3 (Grouped SPhO LP)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost
for 𝒯, a tuple of abstraction heuristics ℋ for 𝒯 and the equivalence
relations:

ℎ ∼ℋ ℎ′ ↔ ∀ℓ ∈ 𝐿rel ∶ mscfℎ(ℓ) = mscfℎ′(ℓ)
ℓ ∼𝐿 ℓ′ ⇔ ∀ℎ ∈ ℋ ∶ mscfℎ(ℓ) = mscfℎ(ℓ′)

the grouped SPhO LP is:

min
𝑌

∑
[ℓ]∈𝐿rel/∼𝐿

min
ℓ′∈[ℓ]

cost(ℓ′) ⋅ 𝑌ℓ subject to

∑
[ℓ]∈𝐿rel/∼𝐿

mscfℎ(ℓ) ⋅ 𝑌ℓ ≥ max
ℎ′∈[ℎ]

ℎ′(𝑠) for all [ℎ] ∈ ℋ/ ∼ℋ

𝑌ℓ ≥ 0 for all [ℓ] ∈ 𝐿rel/ ∼𝐿
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ℎSPhOgrouped is the heuristic that solves the grouped SPhO LP for every state.

These reduction rules eliminate basic redundancies from the SPhO
LP. They could be improved by identifying duplication with respect to
a scaling factor. In general, it is possible to remove all redundant con-
straints from a non-parametric LP by solving a linear program for each
constraint (Paulraj and Sumathi 2010). This means it would be pos-
sible to remove all redundancies in the dimension of the labels, but
it would require solving thousands of LPs in the preprocessing phase
of the heuristic. With the abstractions this is not possible, since their
constraints are parametric with respect to the evaluated state. This
means that redundant constraints are state dependent and removing
all of them would only work for each state individually. As a conse-
quence this would first require solving much more LPs per state, but
more importantly mean that the LP for every state would be different,
so sensitivity analysis would no longer work. We also did not investi-
gate eliminating all redundant labels against the described fast redun-
dancy check since we do not expect it to make a big difference.

5.3 Grouped SPhO LP Experiments

We evaluated the label and abstraction grouped SPhO heuristic with
the same setup as in Section 4.6. Grouping has, like the cover rules, no
effect on the number of evaluated or expanded states.

First we show that grouping has a clear positive effect on the num-
ber of degenerate and non-unique solutions encountered when search-
ing with SPhO in Figure 5.3. When grouping labels and abstractions
for simple pattern databases of size 1, non-unique solutions only ap-
pear around 9% of the time in contrast to over 80% before. The effect
on large patterns is much lower, but unique solutions appear around
18% of the time in comparison to not at all before.

Grouping has a very large effect on the number of variables and
constraints in the produced LP. We show the difference in both in Fig-
ure 5.4, which is often multiple orders of magnitude.

Figure 5.5 shows that grouping also has a beneficial effect on the
number of solved LPs. The effect gets stronger for better cover rules,
but also more mixed. Grouping moderately increases the coverage of
all cover rules as well, as shown in Table 5.1. Most notable is the effect
for ℎSPhOexact which solves 45 new tasks and becomes the second-strongest
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cover rule. This is interesting since it goes against the result fromwith-
out grouping, where the more expensive cover rules did not pay off.
With grouping ℎSPhOexact nearly offsets its expensive matrix multiplication
cover test through its savings in LP computations in comparison to
ℎSPhOeqdist.

Finally, we show in Figure 5.6 that the combination of better LP
reusability and smaller LPs leads to a runtime improvement from
which again ℎSPhOexact profits the most.
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Figure 5.3: Average percentage of degenerate and non-unique solu-
tions for the grouped SPhO heuristic over different PDB sets. See Fig-
ure 5.2 for an explanation of the PDB collections.

ℎSPhO ℎSPhOeqdist ℎSPhOrange ℎSPhO100% ℎSPhOexact

865 975 881 901 892
grouped 898 987 890 914 937

Table 5.1: Comparison of the number of solved tasks (out of 1884) of
the previous and the grouped configurations of saturated post-hoc op-
timization
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Figure 5.4: Per-task comparison of the grouped and ungrouped SPhO
LP size. Tasks that are not solved within the resource limits appear at
“uns.” on the axes.
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Figure 5.5: Comparison of the solved LPs between the grouped and
non-grouped versions of SPhO. Tasks that are not solved within the
resource limits appear at “uns.” on the axes.

63



5. Transforming the SPhO LP for Solution Reusability

10−2 10−1 100 101 102 103
10−2

10−1

100

101

102

103

uns.

uns.

hSPhO

h
SP

hO
gr

ou
pe

d

Runtime (s)

10−2 10−1 100 101 102 103
10−2

10−1

100

101

102

103

uns.

uns.

hSPhO
eqdist

h
SP

hO
eq

di
st

-g
ro

up
ed

Runtime (s)

10−2 10−1 100 101 102 103
10−2

10−1

100

101

102

103

uns.

uns.

hSPhO
range

h
SP

hO
ra

ng
e-

gr
ou

pe
d

Runtime (s)

10−2 10−1 100 101 102 103
10−2

10−1

100

101

102

103

uns.

uns.

hSPhO
100%

h
SP

hO
10

0%
-g

ro
up

ed

Runtime (s)

10−2 10−1 100 101 102 103
10−2

10−1

100

101

102

103

uns.

uns.

hSPhO
exact

h
SP

hO
ex

ac
t-

gr
ou

pe
d

Runtime (s)

Figure 5.6: Runtime comparison between the grouped and non-
grouped versions of SPhO. Tasks that are not solved within the re-
source limits appear at “uns.” on the axes.
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5.4 Versatile Cost Partitions

As discussed previously in Chapter 5, there can be multiple SPhO cost
partitions 𝒞1, … , 𝒞𝑗 that yield the same heuristic value ℎ𝒞1(𝑠) = ⋯ =
ℎ𝒞𝑗(𝑠) for a given state 𝑠. Although they are all equally optimized for
the state 𝑠, their heuristic values for other states 𝑠′ might differ. There-
fore, instead of accepting the arbitrary cost partition that the LP solver
returns, it is beneficial to choose one according to a tiebreaking mech-
anism. This tiebreaking should increase the reusability of the obtained
cost partition by preferring cost partitions that will lead to higher esti-
mates on other states 𝑠′. We call such a cost partition a versatile cost
partition. To formalize a beneficial tiebreaking, weneed to definewhen
a cost partition is more preferable than others. The only case when a
clear preference for all possible unseen states exists is when a cost par-
tition generalizes another.

Definition 5.4 (Cost Partition Generalization)
A cost partition 𝒞 generalizes another cost partition 𝒞′ if for all states
𝑠 ∈ 𝑆, it holds that ℎ𝒞(𝑠) ≥ ℎ𝒞′(𝑠). The generalization is strict if there
exists at least one state 𝑠 such that ℎ𝒞(𝑠) > ℎ𝒞′(𝑠).

Generalization becomes interesting when cost partitions optimized
for state 𝑠 are reused for another state 𝑠′. The goal is to compute a
cost partition that will also produce good results for other states. To
formalize this, we define that a cost partition is more versatile if it has
better generalization than some other cost partition optimized for the
same state.

Definition 5.5 (Versatile Cost Partition)
Let 𝒞𝑠 = {𝒞1, … , 𝒞𝑗} be a set of 𝑗 cost partitions that are optimal for
a given state 𝑠 ∈ 𝑆. If there exists a cost partition 𝒞 ∈ 𝒞𝑠 such that
𝒞′ ∈ 𝒞𝑠 strictly generalizes 𝒞, then 𝒞′ is more versatile for state 𝑠 than
𝒞.

We use the term versatile instead of general to restrict ourselves
to cost partitions that are optimal for at least the current state 𝑠 and
to avoid confusion with general cost partitioning (Pommerening et al.
2015).

LP solvers usually do not return the set of all optimal bases, or
solution coefficients, since features like solution pools are only imple-
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5. Transforming the SPhO LP for Solution Reusability

mented for mixed integer programs. Although it is possible to obtain
a set of alternative solutions with multiple LP solver calls, finding a
representative set is still active research (Kakkad et al. 2024). To find
more versatile cost partitions, we therefore opt for detecting cost par-
titions 𝒞 that can be transformed into a more versatile version 𝒞′.

Now we formalize and prove a practical definition of when a SPhO
cost partition 𝒞′ is more versatile than another cost partition 𝒞.

Theorem 5.4 Let 𝒞(ℎ𝑖) = 𝑤ℎ𝑖
⋅ mscf𝑖, 𝒞′(ℎ𝑖) = 𝑤′

ℎ𝑖
⋅ mscf𝑖 be

two SPhO cost partitions over the same abstraction heuristics ℋ =
⟨ℎ1, … , ℎ𝑛⟩ for a transition system𝒯. Then 𝒞′ generalizes 𝒞 if the cost
function multipliers of 𝒞′ are at least as high as the multipliers of 𝒞,
so 𝑤′

ℎ ≥ 𝑤ℎ for all ℎ ∈ ℋ. The generalization is strict if there exists
one multiplier that is strictly greater for a heuristic that is non-zero
for some states, so there exists a heuristic ℎ𝑗 ∈ ℋ such that 𝑤′

ℎ𝑗
> 𝑤ℎ𝑗

and there exists a state 𝑠 ∈ 𝑆 such that ℎ𝑗(𝑠,mscfℎ𝑗
) ≠ 0.

This condition is not necessary for generalization but only suffi-
cient.

Proof. Since abstraction heuristics compute optimal goal distances,
ℎ𝛼 is non-negative. Saturating an abstraction heuristic preserves this
property, so ℎ𝛼(𝑠, cost) ≥ 0 for all states 𝑠 ∈ 𝑆 when cost = 𝑤 ⋅ mscf
and 𝑤 ≥ 0.

Let 𝒞(ℎ𝑖) = 𝑤ℎ𝑖
⋅ mscf𝑖 and 𝒞′(ℎ𝑖) = 𝑤′

ℎ𝑖
⋅ mscf𝑖 be two SPhO cost

partitions over ℋ = ⟨ℎ1, … , ℎ𝑛⟩. For all states 𝑠 ∈ 𝑆:

ℎ𝒞′(𝑠) − ℎ𝒞(𝑠) =
𝑛

∑
𝑖=1

𝑤′
ℎ𝑖

ℎ𝑖(𝑠,mscf𝑖) −
𝑛

∑
𝑖=1

𝑤ℎ𝑖
ℎ𝑖(𝑠,mscf𝑖)

=
𝑛

∑
𝑖=1

(𝑤′
ℎ𝑖

− 𝑤ℎ𝑖
)ℎ𝑖(𝑠,mscf𝑖).

Since 𝑤′
ℎ𝑖

≥ 𝑤ℎ𝑖
and ℎ𝑖(𝑠,mscf𝑖) ≥ 0 for all 1 ≤ 𝑖 ≤ 𝑛, each term

(𝑤′
ℎ𝑖

− 𝑤ℎ𝑖
)ℎ𝑖(𝑠,mscf𝑖) ≥ 0, hence ℎ𝒞′(𝑠) ≥ ℎ𝒞(𝑠).

For strict generalization there needs to exist one 𝑤′
ℎ𝑗

> 𝑤ℎ𝑗
, where

1 ≤ 𝑗 ≤ 𝑛 with a state 𝑠′ ∈ 𝑆 such that ℎ𝑗(𝑠,mscfℎ𝑗
) ≠ 0. Then for all

such states 𝑠′ ∈ 𝑆 the term (𝑤′
ℎ𝑗

− 𝑤ℎ𝑗
)ℎ𝑗(𝑠′,mscf𝑗) > 0. If we use the

result from generalization for all other states and cost multipliers, it
follows that ℎ𝒞′(𝑠′) > ℎ𝒞(𝑠′) for all states 𝑠′ ∈ 𝑆 where ℎ𝑗(𝑠,mscfℎ𝑗

) ≠
0.
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5.4. Versatile Cost Partitions

The issue with this result is that the SPhO LP already optimizes
each 𝑤ℎ𝑖

to be as high as possible. In practice, this means that any
set of SPhO cost partitions that are optimal for a given state 𝑠 will be
incomparable with respect to Theorem 5.4. Thus, for any two cost par-
titions 𝒞(ℎ𝑖) = 𝑤ℎ𝑖

⋅ mscf𝑖 and 𝒞′(ℎ𝑖) = 𝑤′
ℎ𝑖

⋅ mscf𝑖, there will be in-
dices 𝑖, 𝑗 such that 𝑤ℎ𝑖

> 𝑤′
ℎ𝑖
and 𝑤ℎ𝑗

< 𝑤′
ℎ𝑗
, unless there is a heuris-

tic ℎ𝑖(𝑠,mscf𝑖) = 0. If an abstraction heuristic returns a zero estimate
ℎ(𝑠) = 0 for a state 𝑠 ∈ 𝑆, its LP variable𝑤ℎ does not affect the objective
value. In this case, any feasibleweight could be chosen by the LP solver,
making this a redundant dimension in the optimization problem that
causes non-uniqueness in the linear program. We exploit this slack to
construct a more versatile cost partition 𝒞′ by increasing such 𝑤ℎ as
much as possible while keeping all constraints tight or feasible. This
approach guarantees thatℎ𝒞′(𝑠′) ≥ ℎ𝒞(𝑠′) for all states 𝑠′where at least
one heuristic ℎ with increased 𝑤ℎ has ℎ(𝑠′) > 0, and ℎ𝒞(𝑠′) = ℎ𝒞′(𝑠′)
for all other states. Therefore, the possibility of reuse with a cover rule
is higher when using 𝒞′ instead of 𝒞.

If there exist multiple ℎ𝑖 in ℋ that are zero for a given state 𝑠 ∈ 𝑆,
there can exist multiple differentmore versatile cost partitions that are
incomparable with respect to Theorem 5.4. This means that it is un-
clear which cost partition is preferable for future states. We will there-
fore randomly select an order or let the LP solver select one when im-
plementing tiebreaking strategies.

Note that tiebreaking for more versatile cost partitions is only ben-
eficial for lazy SPhO with a cover rule that can generalize to states
with different abstract goal distances. ℎSPhOeqdist will never benefit from
tiebreaking since it is too restrictive. For the other cover rules, we can
guarantee that a more versatile cost partition will cover more states.
As discussed in Section 4.5, locally better decisions do not guarantee a
globally better solution here. Therefore, tiebreaking for a more versa-
tile cost partition does not guarantee fewer solved LPs.

5.4.1 Tiebreaking with the Increase Weights
Algorithm

We established that increasing the SPhO weight for a heuristic with a
zero goal distance results in a more versatile cost partition. To com-
pute these types of cost partitions we define a greedy procedure for
increasing weights for zero-valued heuristics in Algorithm 2. It needs
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5. Transforming the SPhO LP for Solution Reusability

Algorithm 2 Greedily increases the heuristic weights of a SPhO LP
solution sol to a more versatile cost partition.
1: procedure IncreaseWeights(ℋ, sol, remain, 𝑠)
2: for ℎ ∈ ℋ with ℎ(𝑠) = 0, in random order do

3: Δ𝑤 = minℓ∈𝐿 { remain(ℓ)
mscfℎ(ℓ) ∣mscfℎ(ℓ) > 0}

4: 𝑤ℎ += Δ𝑤
5: for ℓ ∈ 𝐿 do
6: remain(ℓ) −= mscfℎ(ℓ) ⋅ Δ𝑤

to know the remaining costs for all labels ℓ ∈ 𝐿, which we compute as
remain(ℓ) = cost(ℓ)−∑ℎ∈ℋ mscfℎ(ℓ)⋅𝑤ℎ. Then the procedure iterates
over the heuristics ℎwith ℎ(𝑠) = 0 in a random order and increases the
weight 𝑤ℎ only if the remaining label costs allow for an increase. The
algorithm increases the weight only as far as the remaining costs allow,
since cost functions with the increased weight still form a cost parti-
tion:

Δ𝑤 = min
ℓ∈𝐿

{remain(ℓ)
mscfℎ(ℓ) ∣mscfℎ(ℓ) > 0}

Δ𝑤 ⋅ mscfℎ(ℓ) ≤ remain(ℓ) for all ℓ ∈ 𝐿

Δ𝑤 ⋅ mscfℎ(ℓ) ≤ cost(ℓ) − ∑
ℎ′∈ℋ

mscfℎ′(ℓ) ⋅ 𝑤ℎ′ for all ℓ ∈ 𝐿

Δ𝑤 ⋅ mscfℎ(ℓ) + ∑
ℎ′∈ℋ

mscfℎ′(ℓ) ⋅ 𝑤ℎ′ ≤ cost(ℓ) for all ℓ ∈ 𝐿

This shows that the algorithm produces a valid cost partition in every
iteration. Each iteration of the for loop in the algorithm is equivalent
to a pivot step in the simplex algorithm and is guaranteed to stay op-
timal since we ensure two conditions. We only change coefficients of
variables that will bemultipliedwith zero andmake sure that the result
is still a valid cost partition, ensuring feasibility.

If the IncreaseWeights procedure found a higher weight for at least
one heuristic, we want to feed this solution back into the LP solver, to
obtain sensitivity analysis for this new solution. We do so by solving
the same SPhO LP again, but warm-starting it with the basis found by
the IncreaseWeights algorithm. Re-solving the LP is cheap as long as
the LP solver detects that the provided solution is already optimal. If
negative costs occur in the minimum saturated cost functions and the
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provided solution is degenerate or non-unique, the simplex algorithm
may fail to detect its optimality, reject it, and search its own solution
again. This happens since the optimality condition (Equation 2.3) is
not necessary for all optimal bases of degenerate linear programs. In
our implementation of SPhO with IncreaseWeights, we therefore skip
the procedure when we detect negative saturated costs. This occurs
for roughly 30% of our benchmark tasks.

5.4.2 Tiebreaking with Small Weights

Our notion of more versatile cost partitions is equivalent to not ignor-
ing any heuristic in the optimization process even if it has a heuristic
value of zero for the current state. Instead of manually pivoting to a
more versatile solution, it is possible to encode this preference in the
SPhO LP itself.

Definition 5.6 (Epsilon SPhO LP)
Given a transition system 𝒯 = ⟨𝑆, 𝐿, 𝑇 , 𝑠0, 𝑆∗⟩, a cost function cost for
𝒯, and a tuple of abstraction heuristics ℋ for 𝒯, the heuristic value
ℎSPhOeps (𝑠) for a state 𝑠 is the objective value of the SPhOeps LP:

min
𝑥

∑
ℓ∈𝐿rel

cost(ℓ) ⋅ 𝑌ℓ subject to

∑
ℓ∈𝐿rel

mscfℎ(ℓ) ⋅ 𝑌ℓ ≥ {ℎ(𝑠) for all ℎ ∈ ℋ if ℎ(𝑠) ≠ 0
𝜖 otherwise

𝑌ℓ ≥ 0 for all ℓ ∈ 𝐿rel

When 𝜖 is chosen sufficiently small, ℎSPhOeps (𝑠) is equal to ℎSPhO(𝑠)
but prioritizes more versatile cost partitions. From simplex pivot op-
erations it follows that 𝜖 has to be at least as small as 1

maxℓ∈𝐿,ℎ∈ℋ mscfℎ(ℓ) .

In our experiments it was sufficient to select 𝜖 = 1 × 10−8. There are
two issues with this approach. First, 𝜖 has to be manually selected and
second, if 𝜖 becomes very small the LP solver can run into numerical
problems.
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5.5 Versatile Cost Partition Experiments

We now analyze the effect of tiebreaking on ℎSPhO using the same ex-
perimental setup as in Section 4.6. As stated before, the presented
tiebreaking rules have no effect on ℎSPhO and ℎSPhOeqdist, so we will only
present results for the other three cover rules.

First, we compare the effect on the number of solved LPs. Fig-
ure 5.7 shows that, except for the exact cover rule, tiebreaking is not
making much of a difference. When comparing the tiebreaking mech-
anisms, we see that the increasing weights tiebreaking has less of an
effect than the 𝜖 tiebreaking, but gives a positive improvement more
consistently. The 𝜖 tiebreaking has, especially for the 100% cover rule,
a surprisingly high number of taskswhere the number of LP solver calls
increases slightly. This can be attributed to the non-linear effect of bet-
ter cover rules that was discussed in Section 4.5 and applies directly
to the more versatile cover rules as well, but might also stem from the
increased numerical instability. That only the exact cover rule benefits
from the tiebreaking indicates that the expansion in sensitivity ranges
is subtle and can therefore only be taken advantage of by a strong cover
rule. The number of encountered degenerate and non-unique bases

ℎSPhO ℎSPhOeqdist ℎSPhOrange ℎSPhO100% ℎSPhOexact

865 975 881 901 892
grouped 898 987 890 914 937

grouped-IW — — 890 914 939
grouped-𝜖 — — 890 909 937

Table 5.2: Number of solved tasks (out of 1884) of the previous and the
new tiebreaking lazy variants.

is nearly unchanged between the baseline (without tiebreaking) and
the two tiebreaking approaches. This was expected with the increas-
ing weights algorithm since more versatile solutions only exist for non-
unique bases and do not find a unique alternative, and the tiebreak-
ing also does not affect the degeneracy of the found solutions. We ex-
pected a slight decrease in degeneracy for the 𝜖 tiebreaking because the
approach is similar to the perturbation method (Sierksma and Zwols
2015), a common way of countering degeneracy. However, our experi-
ments suggest that this does not take effect here, as there are too many
degenerate non-zero constraints that we do not perturb.
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5.5. Versatile Cost Partition Experiments

Our tiebreaking approaches influence coverage very little as shown
in Table 5.2. As with the solved LPs, exact sensitivity analysis benefits
from the tiebreaking and the 100% rule is harmed by it.
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Figure 5.7: Comparison of the solved LPs between the increaseweights,
𝜖 tiebreaking, and no tiebreaking for the grouped SPhO LP. Each point
(𝑥, 𝑦) represents a comparison of two algorithms on a single planning
task, where the algorithm on the x-axis results in a value of 𝑥 and the
algorithmon the y-axis computes 𝑥⋅𝑦. A point at 𝑦 = 2 thereforemeans
that the algorithm on the y-axis has double the value as the algorithm
on the x-axis for this task. So for points below 𝑦 = 1 the algorithm on
the y-axis performs better here.
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6 Discussion

Even though our application of sensitivity analysis to the SPhO LP is
new, sensitivity analysis and the concept of reusing solutions to mini-
mize effort are not. In linear programming, it is somewhat common to
repeatedly solve similar LPs. Modern LP solvers such as CPLEX there-
fore use a number of techniques to reuse information about the previ-
ously solved LP and its solution, sometimes referred to as advanced
or warm starts. Thus, implementations of LP-based heuristics such
as eager ℎSPhO use such warm starts and information about previously
solved LPs by default. This is also a big reasonwhy the huge reductions
in the number of solved LPs are not reflected in speedups of the same
magnitude. The LP solver is already trying to help as much as possible.

However, there is an important difference betweenusingLP solvers
with warm starts and the theory presented in this thesis. An LP solver
with warm starts stores only the most recently solved LP and infor-
mation about its solution. In contrast, our cover rules store all pre-
viously encountered solutions, making themmuchmore useful for our
approach.

The same can be said about reducing redundancies. Any modern
LP solver uses presolving procedures that, among other things, reduce
redundancies in the linear program (E. Andersen and K. Andersen
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6. Discussion

1995). Our approach here differs from them because we reduce redun-
dancies in a parametric linear program rather than a fixed one. We
only reduce redundancies that hold for all possible states in the plan-
ning problem, not just for a single one. We could therefore only rely on
presolving procedures in the dimension of the labels, but restricting a
presolving process to a single dimension is, to our knowledge, not pos-
sible with CPLEX. There might exist other LP solvers or programs for
presolving that are not as well known in the planning community that
we could have used to reduce the redundancies. This would be an in-
teresting point for future work.
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7 Offline Saturated Post-Hoc
Optimization

Our previous results show that for many planning problems the num-
ber of unique SPhO cost partitions that suffice to guide A* search as
best as possible is much smaller than the number of states in the prob-
lem. Similar results have been shown for potential heuristics by Seipp
et al. (2015). A few of them can already perfectly cover a large set of
states. A similar result was shown for another non-optimal cost par-
titioning strategy, saturated cost partitioning (Seipp et al. 2020). For
this heuristic, the authors showed that when maximizing over a pool
of 1000 sampled cost partitions, the number of partitions that actu-
ally contribute is small if they are not actively diversified. In the sec-
ond part of this thesis we will show that the saturated cost partitioning
heuristic with diversified orders is very close to the perfect saturated
cost partitioning heuristic when only considering 1000 sampled states.

So, for both saturated cost partitioning and potential heuristics,
similar results show that a small, representative set of cost partitions is
often enough to obtain a heuristic that is close to the best possible one.
For both heuristics, there exist very successful algorithms that precom-
pute a set of cost partitions before starting the A* search. Both of these
build upon the work of Karpas et al. (2011), which first suggested the
strategy of computing an informative sample of cost partitions. Their
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7. Offline Saturated Post-Hoc Optimization

work did this for optimal cost partitioning and used a samplingmethod
from Haslum et al. (2007), a method that was also used by the later
works.

Since these previousworks, togetherwith our results, suggest that a
similar sampling-based approach will work for SPhO as well, we intro-
duce it as a practical approximation of ℎSPhO, in contrast to lazy SPhO,
which computes the perfect SPhO heuristic. We construct ℎSPhOoffline using
the diversification procedure described by Seipp et al. (2020). We al-
locate 200 seconds of preprocessing time to offline SPhO. During this
time, we initialize two sets: an empty set 𝐶 of cost partitions and a set
of states 𝑆sample = {𝑠0} containing the initial state. Next, we sample
999 additional states using the method of Haslum et al. (2007). The
resulting set of 1000 states 𝑆sample is then used to filter for relevant cost
partitions. Until the preprocessing time is up, the algorithm samples
a state and solves the SPhO LP for it. The resulting cost partition is
then added to 𝐶 only if it improves the heuristic for at least one state
in 𝑆sample compared to all partitions already in 𝐶. During the search,
ℎSPhOoffline is computed by maximizing over all cost partitions in 𝐶.

7.1 Experimental Evaluation

We compare the offline SPhO algorithm with SPhO and the lazy vari-
ants we introduced previously. We will call the standard SPhO heuris-
tic eager SPhO in this part to distinguish it clearly from offline SPhO.
In contrast to lazy SPhO, offline SPhO approximates the SPhO heuris-
tic, so the number of expansions is different. Figure 7.1 shows that
there is little difference in expansions between offline SPhO and eager
SPhO. While ℎSPhOoffline does not retain full heuristic accuracy, the ensem-
ble of 1000 states seems to capture a meaningful set of cost partitions,
since the expansions until the last f-layer show very few tasks where
ℎSPhOoffline is at a disadvantage.

Since offline SPhO does not have much expansion overhead and
does not compute any cost partitions during the search, it is the
strongest algorithm in terms of coverage. Table 7.1 shows that it im-
proves over all discussed lazy SPhO variants.

In contrast, we see in Figure 7.2 that the strong coverage of ℎSPhOoffline is
not necessarily reflected in runtime, as it typically takesmuch longer to
solve a problem than standard ℎSPhO. The reason for this is that ℎSPhOoffline
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100 101 102 103 104 105

100

100.4

100.8

101.2

101.6

102

hSPhO

h
SP

hO
offl

in
e

Expansions before last f-layer

Figure 7.1: Comparison of the expansions until the last f-layer between
ℎSPhOoffline and eager ℎSPhO on a relative plot (see Figure 5.7 for an explana-
tion). We exclude all states on the final f-layer (the layer with the goal
state), since their expansion order depends on tiebreaking, which can
be a source of non-determinism.

ℎSPhO ℎSPhOeqdist ℎSPhOrange ℎSPhO100% ℎSPhOexact ℎSPhOoffline

865 975 881 901 892 1009
grouped 898 987 890 914 937 —

grouped-IW — — 890 914 939 —
grouped-𝜖 — — 890 909 937 —

Table 7.1: Number of solved tasks (out of 1884) of the eager SPhO
heuristic ℎSPhO and our new lazy variants in comparison to offline
SPhO.

uses a fixed precomputation time (200 seconds), after which it quickly
solves most of the tasks that are also solved by ℎSPhO.
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Figure 7.2: Runtime comparison between the eager SPhO and offline
SPhO. Problems that are not solved within the resource limits appear
on “uns.” axes.
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8 Introduction

After studying the reusability of cost partitions for the SPhO heuris-
tic, we now focus on another state-of-the-art cost partitioning strategy:
saturated cost partitioning (SCP) (Seipp et al. 2020). In contrast to the
SPhO heuristic, which solves a non-optimal cost partitioning problem
optimally as a linear program, SCP is a greedy non-optimal cost parti-
tioning strategy. Given a set of abstraction heuristics ℋ, it saturates
each heuristic ℎ ∈ ℋ in a given order 𝜔, preserving unused costs for
subsequent heuristics. Formally, we define an SCP heuristic as follows.

Definition 8.1 (Saturated Cost Partitioning (Seipp et al. 2020))
Let 𝒯 be a transition system, cost a cost function for 𝒯, and ℋ a set
of abstraction heuristics for 𝒯. Given a permutation 𝜔 = ⟨ℎ1, … , ℎ𝑛⟩,
called an order over ℋ, the ℎSCP heuristic ℎ𝒞SCP

𝜔 is the cost partitioning
heuristic induced by the saturated cost partition 𝒞SCP

𝜔 = {ℎ𝑖 ↦ cost𝑖},
where the cost functions cost𝑖 are computed as:

remain0 = cost

cost𝑖 = saturate(ℎ𝑖, remain𝑖−1) for all 1 ≤ 𝑖 ≤ 𝑛
remain𝑖 = remain𝑖−1 − cost𝑖 for all 1 ≤ 𝑖 ≤ 𝑛
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8. Introduction

where saturate computes the minimum saturated cost function (Defi-
nition 3.1) for the abstraction under the given cost function.

In theory, the saturation does not need to be the minimum satu-
rated cost function, and dropping this requirement allows the use of
other heuristic classes for saturated cost partitioning. In this work,
however, we rely on the properties of the unique minimum saturated
cost function and therefore restrict the saturated cost partitioning al-
gorithm to abstraction heuristics. Unlike the calculation of the mini-
mum saturated cost function, infinite values in the computation of the
remaining costs are handled with the rules of left addition. This means
that∞−∞ = ∞. We simplify the notation for the SCP heuristic as fol-
lows: ℎSCP𝜔 ≔ ℎ𝒞SCP

𝜔 . The saturated post-hoc optimization heuristic and
the saturated cost partitioning heuristic are not related beyond both be-
ing non-optimal cost partitioning heuristics. In particular, Seipp et al.
(2021) showed that they are incomparable. This means that they have
different strengths and weaknesses, so there exist problems where ei-
ther cost partitioning heuristic dominates the other.

8.1 The Factorial Barrier to Perfect SCP

The accuracy of a saturated cost partitioning heuristic over abstraction
heuristics ℋ strongly depends on the order 𝜔 in which the SCP algo-
rithm considers the heuristics ℎ ∈ ℋ (Seipp, Keller, et al. 2017b). It
is therefore beneficial to maximize over multiple SCP heuristics ℎSCP𝜔
computed for different orders 𝜔 (Seipp et al. 2020). In principle, we
can obtain the best possible, the perfect SCP heuristic, ℎSCP∗ , by maxi-
mizing over all orders 𝜔 of ℋ.

Definition 8.2 (Perfect SCP)
Given a tuple of heuristics ℋ, let Ω(ℋ) be the set of all orders of
ℋ. The perfect saturated cost partitioning heuristic over ℋ is the
heuristic that maximizes over all saturated cost partitioning orders:
ℎSCP∗ = max𝜔∈Ω(ℋ) ℎSCP𝜔

However, computing ℎSCP∗ naively in this way for 𝑛 = |ℋ| heuristics
requires enumerating all 𝑛! orders and storing 𝑛 lookup tables for each
order. This factorial explosion makes the naive computation of ℎSCP∗
infeasible even for small values of 𝑛.
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8.1. The Factorial Barrier to Perfect SCP

Consequently, previous work by Seipp, Keller, et al. (2017b) greed-
ily approximated good orders for single states 𝑠 by ordering those
heuristics ℎ first that have a high ratio of ℎ(𝑠) to the sum of saturated
costs that ℎ wants to take away from other heuristics. Greedy orders
can then also be optimized further with local search. To cover multiple
states, Seipp et al. (2020) proposed a diversification procedure that it-
eratively generates new SCP heuristics for (optimized) greedy orders 𝜔
for a pool of sampled states. However, they only keep the heuristic if it
increases the heuristic estimate for at least one sampled state.

Instead of approximating ℎSCP∗ , we present the first approach to
compute ℎSCP∗ that is practically feasible for moderate numbers of ab-
stractions. In Part I, we demonstrated how to compute a perfect cost
partitioning heuristic more efficiently. In this part, we make it com-
putable at all. While our algorithm considers all orders, it only does
so implicitly, which significantly reduces the number of computed and
stored lookup tables. The main reductions come from two advance-
ments. First, we share the computations and lookup tables between
orders that have the same prefix. Second, we approximate equivalence
between orders and enumerate only those orders that can lead to differ-
ent SCP heuristics. We begin by showing the benefits of expressing a
saturated cost partitioning heuristic as a graph over its saturated com-
ponent heuristics. Later, we will explore equivalence between orders
in Section 10.1.
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9 SCP Heuristics as Computa-
tional Graphs

To optimize SCPHeuristics andmake the computation of ℎSCP∗ feasible,
we first look at theway a collection of saturated cost partitioning heuris-
tics can be efficiently represented. Previous work like Seipp, Keller,
et al. (2017b) and Seipp (2017) maximizes over a set of orders, while
storing each heuristic independently. We show that computing and
storing each order individually in such a collection of SCP heuristics is
wasteful. Every time orders share an order prefix, they will compute
the same cost partitioning heuristic for all abstraction heuristics in the
prefix. When computing all possible orders, this significantly reduces
computational effort and memory consumption. To share the lookup
tables and abstraction functions between multiple saturated cost par-
titioning heuristics, we represent them as computational graphs over
max and sum operations. This structure of computational graphs was
first proposed by Coles et al. (2008). They showed that interesting en-
sembles of additive and non-additive (disjunctive) heuristics andmany
existing admissible heuristics can be expressed in this flexible frame-
work.

Definition 9.1 (Additive-Disjunctive Heuristic Graph)
An additive-disjunctive heuristic graph (ADHG) (Coles et al. 2008) is
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9. SCP Heuristics as Computational Graphs

a directed acyclic graph 𝐺 with a single root node 𝑟 and three types of
nodes: sum,max, and evaluator nodes. Sum andmax nodes each rep-
resent a mathematical operation over their children, while evaluator
nodes each have an assigned heuristic ℎ𝑛. Each node 𝑛 in an ADHG 𝐺
evaluates to a heuristic value 𝐺(𝑠, 𝑛) by evaluating its children succ(𝑛)
or its assigned heuristic.

𝐺(𝑠, 𝑛) =
⎧{
⎨{⎩

max𝑐∈succ(𝑛) 𝐺(𝑠, 𝑐), if 𝑛 is amax

∑𝑐∈succ(𝑛) 𝐺(𝑠, 𝑐), if 𝑛 is a sum
ℎ𝑛(𝑠) otherwise

The ADHG heuristic value is the heuristic value of the root node 𝑟:
ℎADHG(𝑠) ≔ 𝐺(𝑠, 𝑟).

Example 9.1
Let 𝐺 be an ADHG for heuristics {ℎ1, ℎ2, ℎ3} in Figure 9.1. The
heuristic value of 𝐺(𝑠) can be calculated by evaluating all saturated
cost partitions at the leaf nodes. For the first sum node, we obtain
sum1(𝑠) = ℎ1(mscf1, 𝑠) + ℎ2(mscf2, 𝑠) + ℎ3(mscf3, 𝑠) for all 𝑠 ∈ 𝑆,
wheremscf1 = saturate(ℎ1, cost), mscf2 = saturate(ℎ2, cost − mscf1)
and mscf3 = saturate(ℎ3, cost − mscf1 − mscf2). The overall ADHG
heuristic value is then ℎADHG(𝑠) = max{sum1(𝑠), … , sum6(𝑠)}.

The heuristic computed by an ADHG is admissible if the graph is
safely additive.

Definition 9.2 (Admissible ADHGs (Coles et al. 2008))
Let 𝐺 be an ADHG for a transition system 𝒯 with cost function
cost. The heuristic 𝐺(𝑠) is admissible if themaximum aggregate cost
mac(ℓ, 𝑛) of label ℓ at node 𝑛 is less than or equal to the cost assigned
by the cost function for all nodes in 𝐺.

mac(ℓ, 𝑛) ≤ cost(ℓ) for all 𝑛 ∈ 𝐺.

And the maximum aggregate cost is recursively defined as follows:

mac(ℓ, 𝑛) =
⎧{
⎨{⎩

max𝑐∈succ(𝑛) mac(ℓ, 𝑐), if 𝑛 is amax

∑𝑐∈succ(𝑛) mac(ℓ, 𝑐), if 𝑛 is a sum
costℎ𝑛

(ℓ) otherwise

and costℎ𝑛
(ℓ) is the cost of ℓ in the evaluator node heuristic ℎ𝑛.
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This is always given for ADHGs derived from SCP heuristics be-
cause the maximum aggregate cost checks the cost partitioning con-
dition Equation 2.5. For a proof idea, see Theorem 1 and 2 and their
proofs in Coles et al. (2008).

max

Σ

h1 h2 h3

Σ

h1 h3 h2

Σ

h2 h1 h3

Σ

h2 h3 h1

Σ

h3 h1 h2

Σ

h3 h2 h1

Figure 9.1: Naive all-order ADHG forℋ = {ℎ1, ℎ2, ℎ3}. Cost functions
are omitted for conciseness, so heuristic ℎ𝑖 at different locations repre-
sents the same abstraction heuristic but evaluated under different cost
functions.

9.1 General ADHG Reduction Rules

Previous work used ADHGs to represent small, hand-crafted heuris-
tics (Coles et al. 2008). To our knowledge, we are the first to use AD-
HGs to represent large, algorithmically generated heuristics contain-
ing up to millions of nodes. Since such large ADHGs can significantly
impact evaluation efficiency, it becomes important automatically to
minimize their size. To achieve this, we will now define automatic gen-
eral reductions of ADHGs. They are general in the sense that they apply
to ADHGs over arbitrary types of heuristics, not just those for comput-
ing ℎSCP∗ .

First, we want to remove all duplicated nodes and subgraphs from
an ADHG. Duplicated nodes are nodes that will always evaluate to the
same heuristic value because they represent the same mathematical
operation. Duplicated subgraphs are a subgraph of duplicated nodes.
This can be ensured by first only including unique evaluator nodes and
giving each a unique index. Depending on the type of heuristics in-
volved, this step might be more or less complex, since heuristic equiva-
lence is in general a hard problem that involves iterating over all states
𝑠 ∈ 𝑆. This step might also be done approximately, but then there is
no guarantee of eliminating all structural redundancies.

For saturated cost partitioning heuristics over abstraction heuris-
tics it is possible to employ our approach to eliminate all structural re-
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9. SCP Heuristics as Computational Graphs

dundancies, since equivalence between the evaluators can be checked
by comparing the abstraction heuristics. We approximately eliminate
duplicates by merging all abstraction instances ℎ𝑖 ∈ ℋ that receive
the same cost function. This approximation may miss equivalences
since there can exist abstractions with different IDs that express the
same heuristic. After all evaluator nodes have a unique index, internal
nodes receive a unique index based on their type (sum/max) and the
set of indices of their child nodes. It is important to give internal nodes
a different type of index than evaluator nodes, e.g., by giving evaluator
nodes positive indices and internal nodes negative indices. If two in-
ternal nodes have the same type and the same child-index set, they are
structurally equivalent and can be merged.

While this eliminates structural redundancy, it does not address
mathematical redundancy. After removing all obviously duplicate
nodes and subgraphs, we therefore now address mathematical redun-
dancies by creating reduction rules derived from the properties of the
mathematical expression represented by the ADHG. The first proposi-
tion follows from the associativity of the sum and max operations.

Proposition 9.1 Let 𝑐 be an internal node in an ADHG with parent
node 𝑝. If 𝑐 and 𝑝 are the same type, then they can be merged without
altering the ADHG heuristic. The merge operation consists of:

1. Adding all children of 𝑐 as children of 𝑝.
2. Removing the edge between 𝑝 and 𝑐.
An example is shown in the change from Figure 9.2c to Figure 9.2d.

Consequently, in an ADHG that is fully reduced with respect to Propo-
sition 9.1, all children of sum nodes are max nodes and vice versa.

Furthermore, maximum and sum operations on a single operand
are the identity function, which is another point of possible reductions.

Proposition 9.2 Let 𝑛 be an internal node in an ADHG with a sin-
gle child 𝑐. Then 𝑛 can be removed from the ADHG without altering
the ADHG heuristic. If 𝑛 has parent nodes 𝑝1, … , 𝑝𝑘, 𝑛 is removed by
adding 𝑐 as a child to each 𝑝𝑖 for 1 ≤ 𝑖 ≤ 𝑘 and removing 𝑛 as a child
from each 𝑝𝑖. Otherwise, if 𝑛 was the root, 𝑐 becomes the new root. In
both cases the edge between 𝑛 and 𝑐 is removed.

An example reduction is shown in the change between Figures 9.2b
and 9.2c.
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max
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h1 max
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· · · · · ·

(a)
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h1 max

Σ
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h1 Σ

h2 h3

· · · · · ·

(c)
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Σ

h1 h2 h3

· · · · · ·

(d)

Figure 9.2: General reduction rules applied to a partially drawn ex-
ample ADHG. Figure 9.2b shows the ADHG from Figure 9.2a without
duplicated nodes. Applying Proposition 9.2 to Figure 9.2b yields the
ADHG for Figure 9.2c and applying Proposition 9.1 to Figure 9.2c re-
sults in Figure 9.2d.

The final general reduction rule in this section simplifies common
factors in max nodes and is essential for the proof of Theorem 10.4.

Proposition 9.3 Let 𝑚 be a max node in an ADHG that is fully re-
duced with respect to Proposition 9.1. If there exists a max or evalua-
tor node 𝑛 that is a grandchild of 𝑚 and is a child of all children of 𝑚,
then 𝑛 can be factored out without altering the ADHG heuristic. Node
𝑛 is factored out by:

1. Removing the edge between all children of 𝑚 and 𝑛.
2. Creating a new sum node 𝑠 and adding both 𝑚 and 𝑛 as its chil-

dren.
3. Replacing all edges between 𝑚 and its parents with an edge to

𝑠.
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Proof. Addition is distributive over the maximum operation. There-
fore, any term max(𝑎 + 𝑏1, 𝑎 + 𝑏2, … , 𝑎 + 𝑏𝑛), where 𝑎, 𝑏1, … , 𝑏𝑛 ∈
ℝ ∪ {−∞, ∞}, is equal to 𝑎 +max(𝑏1, … , 𝑏𝑛).

An example for this reduction rule is shown in Figure 10.1.
Proposition 9.3 only applies if 𝑛 appears in all grandchildren. With

a small modification, it is possible to apply the same technique when 𝑛
is only a grandchild of some of its children.

Proposition 9.4 Let 𝑚 be a max node in an ADHG that is fully re-
duced with respect to Proposition 9.1. If there exists a max or evalua-
tor node 𝑛 that is a grandchild of more than one of 𝑚’s children, then
𝑛 can be factored out without altering the ADHG heuristic. Node 𝑛 is
factored out by:

1. Splitting 𝑚 into two max nodes 𝑚1 and 𝑚2, where 𝑚1 contains
all child nodes for which 𝑛 is not a grandchild and 𝑚2 contains
all that have 𝑛 as a grandchild.

2. Make 𝑚1 a child of all parents of 𝑚.
3. Make 𝑚2 a child of 𝑚1.
4. Apply Proposition 9.3 on 𝑚2.

ADHGs can be interpreted as symbolic expression graphs, where
the heuristics serve as variables and internal nodes represent the opera-
tion they evaluate to. A natural next step would therefore be to employ
a term rewriting system or, more specifically, a graph rewriting sys-
tem (Ehrig et al. 2006). Such systems could uncover and simplifymore
complex symmetric, associative, and distributive structures within the
ADHGs. Due to the complexity of these approaches, the most practi-
cal option would be to employ an existing abstract algebra library like
OSCAR (Decker et al. 2025). However, since all these approaches are
quite distant from classical planning, we leave the integration of such
tools and the development of better optimizations through reductions
of ADHGs as future work.

9.2 Prefix-Merged ADHGs for SCP
Heuristics

The ADHG structure was introduced as a general tool for representing
additivity relations between arbitrary heuristics. However, it is partic-
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(a) ADHG for Figure 9.1 with equivalent heuristics combined.
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(b) Reduced representation of Figure 9.3a after applying Proposition 9.4.

Figure 9.3: Two ADHGs representing the same ℎSCP∗ heuristic forℋ =
{ℎ1, ℎ2, ℎ3} as Figure 9.1 but as more compact graphs. Cost functions
are omitted for conciseness, so heuristic ℎ𝑖 at different locations repre-
sents the same abstraction heuristic but evaluated under different cost
functions.

ularly well suited for our use case because the common prefix of mul-
tiple orders can be captured as common ancestors in a graph. All or-
ders for saturated cost partitioning that share a prefix will produce the
same component heuristics until the orders differ. Since those will be
shared between all orders, as shown in Figure 9.3a, it is possible to fac-
tor out the common prefixes step by step by applying Proposition 9.4.
In the end, this will produce an ADHGwhere each layer with evaluator
nodes corresponds to saturating one additional heuristic in an order,
as shown in Figure 9.3b. We will call such an ADHG prefix-merged.

By putting evaluator nodes for shared heuristics higher in the
graph, the ADHG can represent common prefixes of multiple orders
compactly by creating a hierarchy of evaluator nodes. Conceptually,
max nodes represent branching points where a common order prefix

91



9. SCP Heuristics as Computational Graphs

splits into different saturation orders and sum nodes sequentially add
more heuristics to the saturation order along a specific branch.

In a prefix-merged ADHG, the max node in the first layer has 𝑛
branches leading to 𝑛 lookup tables. Each of the 𝑛 nodes in the second
max node layer has𝑛−1 branches. There are therefore𝑛⋅(𝑛−1) lookup
tables in this layer. The final layer is an exception because it combines
the last two lookup tables of each order. Therefore, it contains twice as
many lookup tables as the previous layers. Figure 9.3b is an example
of such an ADHG. Using the permutation function 𝑃 (𝑥, 𝑦) = 𝑥!

(𝑥−𝑦)! ,
the number of lookup tables in layer 𝑙 for 1 ≤ 𝑙 ≤ 𝑛 − 2 is 𝑃 (𝑛, 𝑙). The
final layer contains 2𝑃 (𝑛, 𝑛 − 1) = 𝑃 (𝑛, 𝑛 − 1) + 𝑃 (𝑛, 𝑛) = 2𝑛!, so
when counting the final layer as two, it simplifies to just 𝑃(𝑛, 𝑙). An
ADHG therefore reduces the number of lookup tables from the naive
𝑛 ⋅ 𝑛! to ∑𝑛

𝑙=1 𝑃 (𝑛, 𝑙) = ∑𝑛−1
𝑘=0

𝑛!
𝑘! . Since ∑𝑛−1

𝑘=0
1
𝑘! approximates Euler’s

number 𝑒, this yields approximately 𝑒 ⋅ 𝑛! lookup tables. So this reduc-
tion reduces the number of lookup tables, but does not improve over
the factorial scaling.
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ders

The previous reduction rules were post-hoc reduction rules that sim-
plified the ADHG nodes after they were generated. These rules can
be applied during the generation of an ADHG by checking completed
subgraphs. This helps to reduce the memory bottleneck of computing
ℎSCP∗ . However, it does not reduce the factorial complexity of iterating
over all orders. To further reduce the complexity of computing ℎSCP∗ ,
we need to define a reduction that can eliminate redundant subgraphs
before they are generated. We achieve this by eliminating equivalent
orders from being considered during the generation of the ℎSCP∗ ADHG.

10.1 Order Independence Between
Heuristics

To further reduce the size of ADHGs, we now exploit the specific prop-
erties of ADHGs for SCP. It is based on the insight that two differ-
ent orders 𝜔 and 𝜔′ for SCP can induce the same SCP heuristic, i.e.,
ℎSCP𝜔 (𝑠) = ℎSCP𝜔′ (𝑠) for all 𝑠 ∈ 𝑆. Detecting and even predicting this
equivalence between SCP heuristics is essential for efficiently comput-
ing ℎSCP∗ , as it allows us to drastically reduce the number of orders we
need to consider explicitly. In contrast to the previous post-hoc reduc-
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tion rules, this not only reduces the representation size of the heuristic,
but also the complexity of generating the ADHG.

Figure 9.2 shows an example of how much simpler an ADHG can
become through order independence. In this ADHG, the order of ℎ2
and ℎ3 does not matter after saturating ℎ1. With reduction rules, the
ADHG is transformed step by step from Figures 9.2a to 9.2d. With
a predictive test that could show the order-independence between ℎ2
and ℎ3, Figure 9.2d could have been computed immediately, skipping
all other ADHGs.

Checking whether two orders yield the same SCP heuristic is chal-
lenging but can be approximated by comparing the underlying cost par-
titions.

Proposition 10.1 (Equivalent Orders) Let 𝜔 and 𝜔′ be two orders
over the same set of heuristics ℋ, and let cost be a cost function. If
their cost partitions 𝒞SCP

𝜔 and 𝒞SCP
𝜔′ assign the same cost function to

the same heuristics, so 𝒞SCP
𝜔 (ℎ𝑖) = 𝒞SCP

𝜔′ (ℎ𝑖) for all 1 ≤ 𝑖 ≤ 𝑛, then
ℎSCP𝜔 = ℎSCP𝜔′ . We say 𝜔 and 𝜔′ are equivalent under cost if this holds.

The proof follows directly from the definition of saturated cost par-
titioning. Proposition 10.1 is not a necessary condition for the equiva-
lence of two SCP heuristics since different cost functions can still result
in equivalent SCP heuristics.

Example 10.1
Consider a cost function cost and a set of two heuristics ℋ = {ℎ1, ℎ2}
that induce the same abstract transition system 𝒯𝛼. The abstract tran-
sition system consumes all remaining costs when it is saturated. In
this case, both possible orders 𝜔1 = ⟨ℎ1, ℎ2⟩, 𝜔2 = ⟨ℎ2, ℎ1⟩ produce the
same SCP heuristic, since in both instances one of the abstract transi-
tion systems 𝒯𝛼 receives the full cost. However, the two underlying
cost partitions 𝒞𝜔1

= {ℎ1 ↦ cost, ℎ2 ↦ 0}, 𝒞𝜔2
= {ℎ1 ↦ 0, ℎ2 ↦ cost}

differ.

To relate equivalent orders to abstraction heuristics, we define
order-independent heuristics.

Definition 10.1 (Order Independence)
Two heuristics ℎ1 and ℎ2 are order-independent under cost function
cost if 𝜔 = ⟨ℎ1, ℎ2⟩ and 𝜔′ = ⟨ℎ2, ℎ1⟩ are equivalent under cost.
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To extend pairwise order independence to sets of heuristics, we in-
troduce the notion of an order-independent partition.

Definition 10.2 (Order-Independent Partition)
Let 𝐼 = {𝐷1, … , 𝐷𝑛} be a partition of the set of heuristics ℋ, and
let cost be a cost function for ℋ. Then 𝐼 is an order-independent
partition, and each 𝐷𝑖 is an order-dependent class of this order-
independent partition if the following condition holds. For every pair
of orders 𝜔, 𝜔′ fromΩ(ℋ) that preserve the relative order of heuristics
within each order-dependent class, the resulting SCP heuristics ℎSCP𝜔
and ℎSCP𝜔′ are equal. Formally:

∀𝜔, 𝜔′ ∈ Ω(ℋ) ∶ (∀𝑖, 𝜔|𝐷𝑖
= 𝜔′|𝐷𝑖

) ⇒ ℎSCP𝜔 = ℎSCP𝜔′ (10.1)

where 𝜔|𝐷𝑖
is the restriction of 𝜔 onto the heuristics in the order-

dependent class 𝐷𝑖.

Example 10.2
Consider the sets ℋ = {ℎ1, ℎ2, ℎ3}, 𝐷1 = {ℎ1, ℎ2} and 𝐷2 = {ℎ3}.
Then 𝐼 = {𝐷1, 𝐷2} is an order-independent partition under cost if
𝒞SCP

⟨ℎ1,ℎ2,ℎ3⟩(ℎ𝑖) = 𝒞SCP
⟨ℎ1,ℎ3,ℎ2⟩(ℎ𝑖) = 𝒞SCP

⟨ℎ3,ℎ1,ℎ2⟩(ℎ𝑖) and 𝒞SCP
⟨ℎ2,ℎ1,ℎ3⟩(ℎ𝑖) =

𝒞SCP
⟨ℎ2,ℎ3,ℎ1⟩(ℎ𝑖) = 𝒞SCP

⟨ℎ3,ℎ2,ℎ1⟩(ℎ𝑖) for all 1 ≤ 𝑖 ≤ 3.
Order-independent partitions generalize the notion of order-

independent pairs by requiring pairwise order independence between
all elements in different order-dependent classes.

Theorem 10.2 Let 𝐼 = {𝐷1, … , 𝐷𝑛} be a partition of the heuristics
ℋ. It is an order-independent partition under cost function cost if for
every order-dependent class 𝐷 ∈ 𝐼 , every heuristic ℎ𝑖 ∈ 𝐷, is order
independent of every ℎ𝑗 ∈ ℋ ∖ 𝐷𝑎 under any cost function that can
be obtained by saturating abstractions from ℋ ∖ {ℎ𝑖, ℎ𝑗}.

Proof. Let 𝐼 = {𝐷1, … , 𝐷𝑛} be an order-independent partition of ℋ.
Every order that preserves the relative positioning of heuristics inside
each order-dependent class can be reached by subsequently swapping
two order-adjacent heuristics from different order-dependent classes
ℎ1 ∈ 𝐷𝑎 and ℎ2 ∈ 𝐷𝑏. Each such swap preserves the overall heuristic
value if ℎ1 and ℎ2 are order-independent under the remaining costs
after saturating all ℎ𝑖 ∈ ℋ ∖ {ℎ1, ℎ2} that appear before ℎ1 and ℎ2 in
the order.
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10. Eliminating Equivalent Orders

Theorem 10.2 shows that it is sufficient to check order indepen-
dence between pairs of heuristics to detect order-independent parti-
tions if order independence holds for all cost functions that can occur
during the saturation process. To compute order-independent parti-
tions of heuristics from pairwise order-independence information, we
build a graph that reflects the opposite information, i.e., order depen-
dence.

Definition 10.3 (Order-Dependence Graph)
The order-dependence graph for saturated cost partitioning is defined
as 𝐺𝐷(ℋ, cost) = ⟨𝑉 , 𝐸⟩, for heuristics ℋ and cost function cost. The
vertex set 𝑉 contains one vertex 𝑣ℎ ∈ 𝑉 for each heuristic ℎ ∈ ℋ and
an edge ⟨ℎ1, ℎ2⟩ ∈ 𝐸 if ℎ1 ∈ ℋ and ℎ2 ∈ ℋ are order-dependent
under any remaining cost function that can be reached by saturating
abstractions from ℋ ∖ {ℎ1, ℎ2}.

Given an order-dependence graph 𝐺𝐷, we can compute its
connected components 𝐷1, … , 𝐷𝑛 which form the order-dependent
classes of an order-independent partition 𝐼 = {𝐷1, … , 𝐷𝑛}.

Theorem 10.3 The connected components 𝐷1, … , 𝐷𝑛 of an order-
dependence graph 𝐺𝐷(ℋ, cost) form an order-independent partition
𝐼 = {𝐷1, … , 𝐷𝑛} under cost.

Proof. Let 𝐷1 and 𝐷2 be two connected components of an order-
dependence graph 𝐺𝐷(ℋ, cost). Consider that the partition 𝐼 =
{𝐷1, 𝐷2, …} is not an order-independent partition. This would only oc-
cur if either (1) 𝐷1 and 𝐷2 are not disjoint, or (2) there exists a heuris-
tic ℎ ∈ 𝐷1 and a heuristic ℎ′ ∈ 𝐷2 that are order-dependent under
cost. However, by definition, two connected components of a graph
are disjoint (contradictingCondition 1). Additionally, according toDef-
inition 10.3, if two heuristics ℎ and ℎ′ are order-dependent under cost,
there is an edge ⟨ℎ, ℎ′⟩ in𝐺𝐷(ℋ, cost), meaning ℎ and ℎ′ cannot belong
to different components (contradicting Condition 2). Thus, any two
heuristics of two separate components are order-independent, which
by Theorem 10.2 shows that the connected components of the order-
dependence graph form an order-independent partition.

We are only interested in the connected components and not in
the actual graph structure of an order-dependence graph. It is there-
fore possible to efficiently build the graph implicitly with a disjoint set
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10.1. Order Independence Between Heuristics

(union-find) (Tarjan and Leeuwen 1984), making this an efficient ap-
proach to determine order-independent partitions, if pairwise order
checks can be computed efficiently.

max

Σ

h1 h2 max

Σ

h3 h4

Σ

h4 h3

Σ

h2 h1

(a) Prefix-merged ADHG
only containing orders
where 𝐷1 precedes 𝐷2.

Σ

max

Σ

h1 h2

Σ

h2 h1

max

Σ

h3 h4

Σ

h4 h3

(b) ADHG from Figure 10.1a after
applying Proposition 9.3.

Figure 10.1: Example of an order-independent partition with order-
dependent classes leading to less complex ADHGs when applying The-
orem 10.4. The set of heuristics is ℋ = {ℎ1, ℎ2, ℎ3, ℎ4} and the order-
independent partition is 𝐼 = {𝐷1, 𝐷2} where 𝐷1 = {ℎ1, ℎ2} and 𝐷2 =
{ℎ3, ℎ4} are order-dependent classes. Note that, although the number
of nodes increases from Figure 10.1a to Figure 10.1b, the number of
mathematical operations required to evaluate the graph decreases.
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10. Eliminating Equivalent Orders

10.2 An Order-Independence Reduction
Rule

In the previous section we defined order-independent partitions for
SCP and showed how to construct them from order-independent pairs
of heuristics. Now, we derive a reduction rule specific to ℎSCP∗ for AD-
HGs exploiting order-independent partitions. This rule allows us to
avoid constructing the full ADHG for a set of order-independent heuris-
tics by directly constructing an equivalent, more concise ADHG. This
allows us to implicitly consider all orders for saturated cost partition-
ing, making the computation of ℎSCP∗ easier.

To reduce the size of an ADHG for ℎSCP∗ , we aim to exclude all redun-
dant orders. For equivalent orders, this can be achieved by including
only one representative order from each order-dependent class. We
choose an arbitrary order for the order-dependent classes, 𝐷1, … , 𝐷𝑛,
and only include the order where all elements of 𝐷𝑖 are placed before
all elements of 𝐷𝑖+1. There always exists at least one order in each
class of equivalent orders that fulfills this requirement, as the defini-
tion of an order-independent partition is that the order between order-
dependent classes is swappable. An example of such an ADHG can be
found in Figure 10.1a.

When including only one order for each order-dependent class, the
result is a reducible ADHG. Since the ordering of𝐷𝑖 before𝐷𝑖+1 is arti-
ficial and does not affect the heuristic value, we can completely remove
the ordering between different order-dependent classes. This can be
shown by applying Proposition 9.3 to an order-reduced ADHG.

Theorem 10.4 Given an order-independent partition 𝐼 =
{𝐷1, … , 𝐷𝑛}, let 𝐺 be the prefix-merged ADHG that includes only
the orders where all elements of 𝐷𝑖 are placed before all elements of
𝐷𝑖+1. Then Proposition 9.3 can be applied 𝑛 − 1 times until 𝐺 has a
sum node over one subgraph for each 𝐷 ∈ 𝐼 .

Proof. 𝐺 contains equivalent subgraphs for all orders of 𝐷𝑖+1 under
every subgraph for 𝐷𝑖. Regardless of the order chosen for 𝐷𝑖, the ab-
straction heuristics from 𝐷𝑖+1 will receive the same costs according to
Definition 10.2. This means that the max node max𝐷𝑖

that branches
over all orders of 𝐷𝑖 contains the same subgraph max𝐷𝑖+1

in each of
its branches, so Proposition 9.3 can be applied. This can be repeated

98



10.2. An Order-Independence Reduction Rule

for all 𝐷𝑖 with 𝑖 > 1. The resulting ADHG has a sum node over one
subgraph for each 𝐷 ∈ 𝐼 .

Given a set of order-independent heuristics, we can therefore di-
rectly generate the reduced graph instead of first generating the semi-
reduced graph and then iteratively applying Proposition 9.3. The fol-
lowing is an example of the reduction described in Theorem 10.4.

Example 10.3
Consider the set of heuristics ℋ = {ℎ1, ℎ2, ℎ3, ℎ4}, where the order-
independent partition is 𝐼 = {𝐷1, 𝐷2} with order-dependent classes
𝐷1 = {ℎ1, ℎ2} and𝐷2 = {ℎ3, ℎ4}under cost. Figure 10.1 shows twoAD-
HGs representing ℎSCP∗ for ℋ. The first ADHG is a prefix-merged rep-
resentation that considers all heuristics from𝐷1 before those from𝐷2.
The second ADHG applies Proposition 9.3 as follows: In Figure 10.1a,
the term 𝑐 ∶= max(ℎ3 + ℎ4, ℎ4 + ℎ3) is a common summand in both
sum subgraphs. Therefore, the formula max(ℎ1 + ℎ2 + 𝑐, ℎ2 + ℎ1 + 𝑐)
can be simplified to max(ℎ1 +ℎ2, ℎ2 +ℎ1)+𝑐 = max(ℎ1 +ℎ2, ℎ2 +ℎ1)+
max(ℎ3 + ℎ4, ℎ4 + ℎ3). Summation is not commutative here because
we are not showing the cost functions. Since the order of the heuristics
influences the resulting cost partitioning and therefore the heuristic
value, ℎ1 + ℎ2 is not the same as ℎ2 + ℎ1 because the abstractions re-
ceive different costs.

As this reduction is not post-hoc, computing order-independent
partitions and generating the ADHG as a sum over the orders within
each order-dependent class reduces the complexity of computing the
perfect saturated cost partitioning heuristic. By exploiting order-
independence in this way, we reduce the ADHG size from scaling in
the number of heuristics𝑂(|ℋ|!) to a possibly much smaller scaling in
the size of the largest order-dependent class𝑂(|𝐷1|!+⋯+|𝐷𝑛|!), which
is 𝑂(max1≤𝑖≤𝑛|𝐷𝑖|!).

This strategy can also be applied to subgraphs, increasing the re-
duction possibilities further. Whenever an abstraction is saturated, it
can be removed from the set of heuristics to consider in the subgraph
below. It is beneficial to revisit the order-independence graph after a
reduction in the number of heuristics, since more orders can become
independent.
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Example 10.4
Let ℋ = {ℎ1, ℎ2, ℎ3} be a set of heuristics for saturated cost par-
titioning under cost function cost. Assume all orders over ℋ are
non-equivalent except 𝜔𝑎 = ⟨ℎ1, ℎ2, ℎ3⟩ and 𝜔𝑏 = ⟨ℎ1, ℎ3, ℎ2⟩. In
this case, the order-dependence graph 𝐺𝐷(ℋ, cost) will have one con-
nected component, since for every pair ℎ𝑎, ℎ𝑏 ∈ ℋ, there exist two
orders 𝜔, 𝜔′ ∈ Ω(ℋ) ∖ {𝜔𝑎, 𝜔𝑏} where only the position of ℎ𝑎, ℎ𝑏 is
swapped, and all these orders are assumed to be non-equivalent. After
saturating ℎ1, heuristics ℎ2 and ℎ3 become order-independent sincewe
know that 𝜔𝑎 and 𝜔𝑏 are equivalent.

10.3 Computing Order Independence

We showed how to use order-independent partitions for reducing the
size of the ADHG, but left out how to check order-independence for
now. Since we want to avoid the computation of all orders, we cannot
check if two orders are equivalent, but need to predict it. To be able
to efficiently classify heuristics into order-independent partitions, we
now define several sufficient criteria guaranteeing that two abstraction
heuristics are order-independent.

As mentioned in Section 10.1, we are interested in cases where a
change in saturation order does not affect the cost partitions. To cap-
ture order independence, we therefore need to define conditions under
which an abstraction heuristic yields the same cost partitioning for dif-
ferent cost functions.

Theorem 10.5 Two abstraction heuristics ℎ1 and ℎ2 are order-
independent under cost function cost, if theirminimum saturated cost
functions are non-negative and form a cost partition.

Proof. Let ℎ1 and ℎ2 be two abstraction heuristics, and let mscf1 =
saturate(ℎ1, cost) and mscf2 = saturate(ℎ2, cost) be their minimum
saturated cost functions. For order-independence, it needs to hold
that the two orders 𝜔 = ⟨ℎ1, ℎ2⟩ and 𝜔′ = ⟨ℎ2, ℎ1⟩ are equiva-
lent, i.e., the induced cost partitions 𝒞SCP

𝜔 , 𝒞SCP
𝜔′ are equivalent. This

is the case if saturate(ℎ1, cost) = saturate(ℎ1, cost − mscf2) and
saturate(ℎ2, cost) = saturate(ℎ2, cost − mscf1). Assume that mscf1
and mscf2 are non-negative, i.e., no label is assigned negative costs,
and that they forma cost partition under cost, i.e.,mscf1+mscf2 ≤ cost.
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Given the latter, saturating ℎ2 under the remaining cost rem = cost −
mscf1 offers each label at least the cost that ℎ2 needs for its minimum
saturated cost function:

cost ≥ mscf1 + mscf2
iff cost − mscf1 ≥ mscf2
iff rem ≥ mscf2 (10.2)

2 Under the assumption of non-negativity of the minimum saturated
cost functions, saturating ℎ2 under rem offers each label at most the
cost that ℎ2 is offered by the original cost function.

mscf1 ≥ 0
iff cost − mscf1 ≤ cost

iff rem ≤ cost (10.3)

In combination, Equations 10.2 and 10.3 bound the costs after satu-
rating ℎ1 from above and below: mscf2 ≤ rem ≤ cost. Since chang-
ing the cost function of an abstraction to its saturated cost function
does not change the abstract goal distance of any state, it holds that
ℎ2(cost, 𝑠) = ℎ2(mscf2, 𝑠) = ℎ2(rem, 𝑠) for all states 𝑠 ∈ 𝑆, from which
it follows that saturate(ℎ2, cost) = saturate(ℎ2, rem). The same argu-
ment for ℎ1 follows from symmetry.

The order independence conditions in Theorem 10.5 have two dis-
advantages. First, they are based on the minimum saturated cost func-
tion of a heuristic, which requires calculating the lookup tables, i.e.,
abstract goal distances, of an abstraction. Therefore, it cannot allevi-
ate the costly computation of the lookup tables, making it an imprac-
tical predictor for determining order independence. Second, they de-
pend on the original cost function. This makes it difficult to derive
the order-independence of two heuristics ℎ1, ℎ2 ∈ ℋ because we need
to compute the remaining cost functions that can be obtained by sat-
urating the heuristics ℋ ∖ {ℎ1, ℎ2} (Theorem 10.2) to build the order-
dependence graph.

In the following, we describe two sufficient conditions derived from
Theorem 10.5 that do not rely on knowing the exact cost function. The
first condition exploits that infinite label costs can never cause order
dependence.
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Theorem 10.6 (scp∗-∞) If the cost of a label ℓ is infinite in cost func-
tion cost, then ℓ is never the cause of order-dependence under any cost
function that can be reached by subtracting saturated costs from cost.

Proof. If cost(ℓ) = ∞, saturating any heuristic will always leave the
remaining costs for ℓ infinite, since cost functions use left addition.
Therefore, all abstractions will always receive the same cost for ℓ re-
gardless of saturation order.

For the second condition, we exploit the observation that two
heuristics always form a cost partition if for every label at least one of
the minimum saturated cost functions is guaranteed to be zero under
any cost function.

Definition 10.4 (Saturation-Affecting Labels)
A label ℓ is saturation-affecting for an abstraction heuristic ℎ if there
exists a cost function cost under which the minimum saturated cost
saturate(ℎ, cost)(ℓ) is neither zero nor negative infinity1. We write
𝐿sat-aff

ℎ for the set of saturation-affecting labels for heuristic ℎ.
It is easy to verify that every saturation-affecting label is also affect-

ing (see Definition 2.9). To see that the opposite is not true, consider a
label ℓ that only labels transitions between goal states. Then ℓ is affect-
ing, but not saturation-affecting. As we are interested in labels that are
not saturation-affecting for any abstraction heuristic, it is sufficient to
show that the sets of saturation-affecting labels do not overlap.

Lemma 10.7 If two heuristics ℎ1 and ℎ2 have disjoint sets of
saturation-affecting labels, they are order-independent under any
cost function.

Proof. If two heuristics ℎ1 and ℎ2 have disjoint sets of saturation-
affecting labels, none of the label costs that change upon saturating
ℎ1 influence the heuristic values of ℎ2, and vice versa. Formally, for
every label ℓ either mscf1(ℓ) or mscf2(ℓ) is zero or infinite, so the cost
partitioning condition is fulfilled. The minimum saturated cost func-
tions do not need to be non-negative, since having more cost available

1This formulation is similar to the affecting labels of Seipp, Keller, et al. (2017a)
when extended to general cost functions (allowing negative costs), and explicitly states
the connection to minimum saturated cost functions.
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does not change the minimum saturated costs for a label that is not
saturation-affecting.

To approximate whether two heuristics have disjoint sets of
saturation-affecting labels, we over-approximate the set of saturation-
affecting labels for a heuristic.

Theorem 10.8 (scp∗-aff) Let 𝐿non-goal
ℎ be the set of labels ℓ ∈ 𝐿 that

label at least one transition 𝑠 ℓ−→ 𝑠′ ∈ 𝑇 𝛼 between two distinct states
𝑠 and 𝑠′, where at most one of the states is a goal state. If the sets
𝐿non-goal

ℎ1
and 𝐿non-goal

ℎ2
for two heuristics ℎ1 and ℎ2 are disjoint, then ℎ1

and ℎ2 are order-independent under any cost function cost.

Proof. If a label ℓ is saturation-affecting for a heuristic ℎ𝛼, then by the
definition of minimum saturated cost functions there must be two ab-
stract states 𝑠 and 𝑠′ such that ℎ∗

𝒯𝛼(𝑠) ⊖ ℎ∗
𝒯𝛼(𝑠′) ≠ 0. So ℎ∗

𝒯𝛼(𝑠) ≠
ℎ∗

𝒯𝛼(𝑠′) or ℎ∗
𝒯𝛼(𝑠) = ℎ∗

𝒯𝛼(𝑠′) = ∞. (Abstract goal distances are al-
ways non-negative, so they cannot be −∞.) In both cases, the two
states cannot both be goal states at the same time, so𝐿non-goal

ℎ𝛼 ⊆ 𝐿sat-aff
ℎ𝛼 .

Therefore, if 𝐿non-goal
ℎ1

∩ 𝐿non-goal
ℎ2

= ∅ then 𝐿sat-aff
ℎ1

∩ 𝐿sat-aff
ℎ2

= ∅. Using
Lemma 10.7 it follows that ℎ1 and ℎ2 are order-independent.

Combining the conditions of Theorems 10.6 and 10.8 yields an effi-
cient approximation of the order independence of two heuristics.

Theorem 10.9 (scp∗-aff-∞) For heuristics ℎ1 and ℎ2, let 𝐿non-goal
ℎ1

and 𝐿non-goal
ℎ2

be sets of labels as in Theorem 10.8. Then ℎ1 and ℎ2 are
order-independent if

(𝐿non-goal
ℎ1

∩ 𝐿non-goal
ℎ2

) ∖ {ℓ ∈ 𝐿 ∣ cost(ℓ) = ∞} = ∅.

All the order independence results from Theorems 10.6 to 10.9 can,
in contrast to Theorem 10.5, be used for pruning connections in the
order-dependence graph. This is because they generalize to all cost
functions that can be reached by subtracting saturated costs from the
original cost function. When creating an ADHG with any of the intro-
duced approximation methods, we repeatedly test the order indepen-
dence of the remaining not-yet-saturated heuristics at each node. This
is because as demonstrated before in Example 10.4 it is beneficial even
if the used independence check would be the perfect one. With our
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approximations, it can even happen that, under a new remaining cost,
the set of labels with infinite costs has grown. Therefore, with a smaller
set of heuristics, the repeated check ismuchmore likely to detect order-
independence.

Recomputing the order-dependence graph is cheap because The-
orem 10.8 is independent of any cost function. Therefore, the order-
dependence graph does not need to be re-computed when the remain-
ing costs or the set of heuristics change when using only Theorem 10.8.
Since Theorem 10.6 is a simple check, itself or the combination (Theo-
rem 10.9) is also cheaply computable.

We described two sufficient conditions for checking order-
independence of heuristics. Other conditions for order-independence
can be derived by approximating the conditions in Theorem 10.5 in
different ways. While such investigations are interesting, we leave
them for future work.

10.4 The Graph-SCP Algorithm

Combining all the results from the previous sections, we can now
present an overview of the algorithm for computing ℎSCP∗ . The main
idea is to compute order-independent partitions over all abstraction
heuristics in ℋ using the order-dependence graph 𝐺𝐷(ℋ, cost) with
an approximative order-independence check between each pair of
heuristics ℎ1 and ℎ2. Any of the Theorems 10.6, 10.8 and 10.9 can be
used here, and we compare their performance in Section 11.1. These
checks are computationally efficient, as affecting labels are indepen-
dent of the cost function and can therefore be precomputed.

The main algorithm loop utilizes the conflict graph to decouple as
many orders as possible by introducing a sum node over each compo-
nent of the conflict graph, the order-dependent classes. Each class is
captured by adding a new max node and only considers the abstrac-
tions within its class 𝐷𝑖 for all subsequent steps. The classes are then
assigned sum nodes and a lookup node for every abstraction heuris-
tic contained, which are then removed from 𝐷𝑖 for that branch. Then
the order-dependence graph is subsequently recomputed on the now
smaller set of heuristics and the new remaining costs.

Algorithm 3 shows this procedure in pseudocode. Additionally, we
do not add abstraction heuristics with all-zero saturated costs to the
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graph and apply the reduction rules fromSection 9.1 wherever possible
tominimize the graph’s size. Consequently, the implementationdiffers
significantly from the pseudocode.

Algorithm 3 Builds the unreduced ADHG representation for ℎSCP∗
1: ▷ Input: ℋ: set of heuristics, cost: cost function ◁
2: ▷ Output: ADHG for ℎSCP∗ ◁
3: procedure BuildScpAdhg(ℋ, cost)
4: root ← CreateSumNode
5: BuildScpSubtree(ℋ, cost, root)
6: return root
7: procedure BuildScpSubtree(ℋ, cost,parent)
8: 𝐼 ← connected components of 𝐺𝐷(ℋ, cost)
9: for 𝐷 ∈ 𝐼 do
10: maxNode ← createMaxNode
11: attachmaxNode to parent
12: for ℎ ∈ 𝐷 do
13: sumNode ← CreateSumNode
14: attach sumNode tomaxNode
15: lookupNode ← CreateLookupNode(ℎ,mscfℎ(cost))
16: attach lookupNode to sumNode
17: if |𝐷 − {ℎ}| > 0 then
18: buildSCPSubtree(conflict − {ℎ}, cost − mscfℎ(cost),

sumNode)
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11 Experimental Evaluation

The ADHG data structure and our reduction rules enable us to com-
pute ℎSCP∗ without explicitly considering all possible orders of the com-
ponent heuristics. The main questions we aim to answer with our ex-
periments are:

• How helpful is the ADHG structure compared to a naive compu-
tation of ℎSCP∗ ?

• How helpful are the order-independence approximations?

• How good are existing approximations of ℎSCP∗ ?

• How close is ℎSCP∗ to optimal cost partitioning?

11.1 Computing the Perfect SCP Heuristic

In the first experiment, we compare different ways of computing ℎSCP∗ .
The configurations vary in their treatment of order independence
among heuristics and node sharing in the ADHG:

1) scp∗-naive enumerates all heuristic orders.
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2) scp∗-tree represents ℎSCP∗ as a tree, ignores order independence,
and applies only the general reduction rules from Section 9.1.

3) scp∗-graph is like scp∗-tree, but shares equivalent internal nodes,
resulting in a graph.

4) scp∗-∞ uses a graph and exploits order independence be-
tween heuristics, applying only the infinite cost rule from The-
orem 10.6.

5) scp∗-aff uses a graph and exploits order independence between
heuristics, applying only the saturation-affecting labels rule from
Theorem 10.8.

6) scp∗-aff-∞ combines the latter two approaches. It uses a
graph and applies both order-independence rules of scp∗-∞ and
scp∗-aff, i.e., the rule from Theorem 10.9.

The initialize finished row in Table 11.1 shows how often it is pos-
sible to construct the data structures required to compute the initial
heuristic value ℎSCP∗ (𝑠0) using the naive and ADHG-based approaches,
as configurations become more sophisticated. The naive approach
scp∗-naive, which considers all orders explicitly, is infeasible for larger
tasks because it usually runs out of memory during initialization as
soon as more than ten abstractions are present (≥ 3 628 800 orders).

The table also shows that building ℎSCP∗ as a graph instead of a tree
significantly raises the number of finished initializations, and adding
the order-independence conditions further increases this number. Al-
though our more advanced configurations run out of time more fre-
quently than the naive variant, they avoid this memory bottleneck for
constructing the data structure of the heuristic. Remarkably, we can
compute ℎSCP∗ (𝑠0)with scp∗-aff-∞ even for taskswith up to 160 abstrac-
tions, corresponding to ∼ 10284 orders. However, due to the factorial
nature of orders, computing ℎSCP∗ within the resource limits remains
very challenging.

Figures 11.1a to 11.1c visualize the representation size of the heuris-
tic (ADHG nodes), the time it takes to create the heuristic represen-
tation, and the resulting 𝐴* search time for the different approaches.
The plots reveal a significant advantage of the graph representation
over the tree and naive variants across the benchmark tasks. Using a
graph instead of a tree reduces the number of nodes in the ADHGby up
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Figure 11.1: Comparison of ℎSCP∗ variants. Each point represents one
planning task, comparing scp∗-aff-∞ on the 𝑦-axis with another vari-
ant (indicated by color) on the 𝑥-axis. Points below the diagonal indi-
cate that scp∗-aff-∞ is preferable for that task (Figure 11.1a: smaller
representation size, Figure 11.1b: faster heuristic initialization, Fig-
ure 11.1c: faster problem-solving).
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initialize search

finished time mem. solved time mem.

ℎOCP 1685 192 7 499 1186 0

ℎSCPdiv 1184 0 0 1080 40 764

ℎSCPrnd 1884.0 0.0 0.0 993.4 6.2 88.4

scp∗-naive 1101 47 736 728 173 200

scp∗-tree 1313 309 262 872 149 292

scp∗-graph 1550 254 80 983 160 407

scp∗-∞ 1551 283 50 982 165 404

scp∗-aff 1560 271 53 982 157 421

scp∗-aff-∞ 1568 261 55 983 156 429

Table 11.1: Summary of outcomes for optimal cost partitioning, two ap-
proximative SCP algorithms, and the ℎSCP∗ variants. All configurations
use Cartesian goal abstractions for a benchmark suite of 1884 ground-
able planning tasks. The initialization part consists of all operations
needed to compute ℎ(𝑠0). We average results for ℎSCPrnd over five ran-
dom seeds. The mem. (memory) and time columns refer to tasks that
ran out of memory or time.

to four orders of magnitude (Figure 11.1a). This trend is also visible in
the time it takes to create the necessary data structures in Figure 11.1b.

Considering search performance, the number of solved tasks is the
same for both scp∗-graph and scp∗-aff-∞, and decreases by one if only
one of the order-independent rules is applied (scp∗-∞ and scp∗-aff).
However, the advantage of using order-independence conditions is ev-
ident in the ability to generate the ADHGs on larger abstraction sets.
This is shown in the higher number of finished initializations in Ta-
ble 11.1 and the large number of unsolved tasks on the 𝑥-axis in Fig-
ure 11.1a. This shows that, while those rules help to compute ℎSCP∗ for
more tasks, the underlying tasks are too challenging to solve. Finally,
Figure 11.1c compares the time it takes to solve planning tasks, showing
that the tree and naive approaches are typically slower than scp∗-aff-∞
due to their larger representation sizes. Comparing scp∗-aff-∞ and

110



11.2. Heuristic Accuracy

scp∗-graph, there is no clear winner for runtime or representation size,
even though using the reduction rules clearly speeds up the generation
of the ADHG.

11.2 Heuristic Accuracy

Now that we can efficiently compute ℎSCP∗ , we can, for the first time,
evaluate the approximation quality of approximate SCP heuristics
from the literature. For this analysis, we use our best approach
scp∗-aff-∞ to compute ℎSCP∗ , which takes advantage of all presented
optimizations.

In particular, we compare against the approximate SCP heuristics
ℎSCPrnd and ℎSCPdiv . The former considers a single random ordering of the
abstractions (reported results are averages over five runs). The latter
iteratively samples a new state 𝑠 until hitting a fixed time limit of 𝑇 =
100 seconds. It then approximates a useful order 𝜔 for 𝑠 with a greedy
algorithm and retains ℎSCP𝜔 if it is diverse. An order is diverse if it yields
a higher estimate for any of a set of 1000 independently sampled states
than all the SCPheuristics already retained (Seipp et al. 2020). We also
empirically compare the perfect SCP heuristic ℎSCP∗ with the optimal
cost partitioning heuristic ℎOCP (Pommerening et al. 2015), which is
known to theoretically dominate ℎSCP∗ (Pommerening et al. 2015; Seipp,
Keller, et al. 2017a).

The left part of Table 11.1 holds results for these heuristics, and Fig-
ure 11.2 shows the necessary state expansions, i.e., the expansions be-
fore the last 𝑓-layer, for the compared approaches. Comparing ℎSCP∗
with ℎSCPrnd , we see that considering all orders instead of a single ran-
dom one yields significantly more informative heuristic estimates, re-
ducing the necessary expansions by a large margin. However, the pic-
ture is different for the state-of-the-art approach of computing diverse
orders, ℎSCPdiv . Although ℎSCP∗ has fewer state expansions than ℎSCPdiv for
334 tasks, the difference in heuristic accuracy between ℎSCP∗ and ℎSCPdiv is
small. This shows that, when considering the IPC domains and Carte-
sian goal abstractions, only a few orders are needed to obtain a heuris-
tic estimate close to ℎSCP∗ . Furthermore, ℎSCPdiv proves to be a remarkably
efficient approach to obtaining relevant orders. In practice, usingmore
orders than those found by ℎSCPdiv offers little improvement when work-
ing with a moderate number of abstraction heuristics. Comparing the
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Figure 11.2: Necessary state expansions (i.e., expansions before the last
𝑓-layer) for the perfect SCP heuristic, the approximate SCP heuristics,
and the optimal cost partitioning heuristic.

optimal cost partitioning heuristic ℎOCP and the perfect SCP heuristic
ℎSCP∗ , we see that having better cost partitions can indeed yield stronger
heuristic estimates that are practically relevant due to a significant re-
duction in necessary expansions. However, for most tasks where we
can compute ℎOCP, the difference is small.
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12 Conclusions

This work studied the perfect versions of two successful non-optimal
cost partitioning heuristics: saturated post-hoc optimization and sat-
urated cost partitioning. In the first part, we presented several cover
rules derived from the sensitivity analysis of the SPhO linear program.
These cover rules are provably safe in predicting when a cost partition
computed with the SPhO LP can be reused in another state and result
in the same heuristic value as if the LP had been solved. We showed
that these cover rules can significantly reduce the number of LP com-
putations in most planning tasks, and that a stronger cover rule nearly
always results in fewer cost partitions. In addition, we showed how
degeneracy and non-uniqueness in the SPhO LP can be reduced to im-
prove cover rule performance and reduce the solution time of the linear
programs. We further showed that there are clear tiebreaking crite-
ria that can be used to find more versatile cost partitions that can be
reused inmore states. Ourwork suggests that other LP-based planning
heuristics might benefit from a similar analysis, even though sensitiv-
ity analysis is most effective for simple LPs.

In the second part, we studied the perfect saturated cost partition-
ing heuristic, which maximizes over individual SCP heuristics com-
puted for all orders of the component heuristics. Computing ℎSCP∗
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naively is infeasible due to the factorial scaling of maximizing over all
orders. We established a connection to additive-disjunctive heuristic
graphs and showed that they arewell suited to addressing the computa-
tional challenge of computing ℎSCP∗ . By computing order-independent
information to exclude provably equivalent orders, we were able to
significantly reduce the size of these ADHGs. This representation al-
lowed us to compute ℎSCP∗ for the first time for many planning tasks
with a meaningful number of component heuristics. Building on this,
we conducted the first empirical comparison of the perfect SCP heuris-
tic, ℎSCP∗ , with state-of-the-art sampling-based SCP heuristics and the
optimal cost partitioning heuristic. Our experiments show that state-
of-the-art SCP heuristics provide heuristic information that is nearly
perfect, relative to their upper bound of ℎSCP∗ , when using a moderate
number of abstraction heuristics. This suggests that the greatest po-
tential for obtaining even stronger cost partitioning heuristics lies in
developingmethods that go beyond SCP and reduce the remaining gap
to optimal cost partitioning.
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